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Abstract. We define new distortion quantities for diffeomorphisms of the Eu-
clidean plane and study their properties. In particular, we obtain composition
rules for these quantities analogous to standard rules for maps of an interval.
Our results apply to maps with unbounded derivatives and have important
applications in the theory of SRB measures for surface diffeomorphisms.
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0. Introduction. Consider a smooth self map f : M → M of a smooth manifold
M . One of the main problems in the theory of dynamical systems is to describe
the asymptotic behavior of the orbits x, f(x), f2(x), . . . for various points x ∈ M .
Specific objects of importance include the estimation of the Hausdorff dimension of
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various invariant sets, the calculation of topological and measure-theoretic entropies,
and the quantitative understanding of the evolution of sets of positive Lebesgue
measure. In this latter case, one often is interested in the existence and properties
of so-called natural or SRB measures. A fundamental tool in the study of all of
these concepts is the investigation of quantitative objects associated to the orbits
of submanifolds γ which are expanded from time to time under iteration by the
map f . One of the main such quantitative objects is the volume ratio. One seeks
to control the ratio

vol(fn(E))

vol(fn(F ))

of the Riemannian volumes of sets E ⊂ γ, F ⊂ γ as n increases. The question
reduces to the estimation of the volume dilation ratios

Jγf
n(z)

Jγfn(w)
(1)

for z, w ∈ γ where Jγf
n(z) denotes the infinitesimal volume expansion of fn

along γ at z.
It should be noted that various second derivative estimates related to (1) are

typically called distortion estimates in the literature. We will be more precise on
our version of these notions later in the sequel.

Techniques for estimating (1) when γ is an unstable manifold of a point in a
uniformly hyperbolic set and the derivatives of f are bounded are well-known and
go back to Sinai [12] (see also Lectures 16 and 17 in [13] for more general systems).
In one dimensional dynamics, the quantities (1) even go back to Denjoy who used
them in his solution of the Poincare problem of topological transitivity of C2 diffeo-
morphisms of the circle with irrational rotation numbers. More recently, they play
a central role in the study of absolutely continuous invariant measures as in [2], [4],
and [7], .

In two dimensional dynamics, one often encounters a piece of unstable manifold
of a fixed point (or a nearby curve) whose forward iterates exhibit a combination
of expansion, contraction, and folding. The control of the quantities (1) in these
situations becomes complicated. A major part of the work of Benedicks-Carleson
[1], Mora-Viana [8], Wang-Young [14], etc., on the study of strange attractors and
SRB measures for Henon-like maps involves the control of these dilation ratios.

There are basically two methods currently available to estimate dilation ratios
along iterates of curves. We refer to these, respectively, as the critical point method
and the induced map method

1. Critical point method. This involves the identification of a set called the critical
set C such that the images of relevant curves fold as they first pass near
C. Away from C one has hyperbolic behavior. The control of distortion is
obtained by an iterate by iterate analysis along orbits. The orbit is broken into
pieces which exhibit hyperbolic behavior while they stay at some distance from
C, and which which exhibit folding when they approach C. One uses more
or less standard estimates along the hyperbolic pieces, and one does a careful
analysis of how the orbits behave near the folds. Basically, one puts these
last orbits in positions so that long stretches of hyperbolic iterates undo the
damage to expansion contributed by the folds. The second order derivatives
of each iterate involved are uniformly bounded. In one-dimensional dynamics,
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the critical set C is simply the set of critical points of the map (i.e., where the
first derivative vanishes). The very definition of the analogous critical set in
two dimensional dynamics (in consideration of orbits of infinite length) was
a major breakthrough of Benedicks and Carleson in [1]. It is at the heart of
the works of Benedicks-Carleson, Mora-Viana, Wang-Young, etc., mentioned
above.

2. Induced Map Method This involves taking high iterates of the original map, so
that one can more or less always consider compositions of hyperbolic maps.
The effects of folds are absorbed by taking maps h each of which can be
expressed as compositions h = F ◦ f or h = F ◦ f ◦ G where F = fn and
G = fm are iterates of the original map f . In these compositions, the folding
occurs at the points where f is applied, and the maps F and G are uniformly
hyperbolic. The resulting maps h again become uniformly hyperbolic, but
with unbounded derivatives and bounded distortion. The process continues
to higher and higher iterates of the original map f via an induction in which
the maps F and G are successively replaced by the new maps h and the
construction is repeated. The detailed construction involves a careful analysis
of the relationship between the maps F,G and the areas where the folds given
by f occur. The technique of controlling distortion for maps with unbounded
derivatives was first considered by Jakobson in [4] in proving the existence
of a positive measure set of parameters r such that the logistic map fr(x) =
rx(1 − x) has an absolutely continuous invariant measure.

The purpose of the present paper is to develop tools for the Induced Map Method
in two dimensional systems. The main application of these tools is to aid in proving
the existence of so-called chaotic attractors and associated SRB measures for such
diffeomorphisms.

In joint work with Michael Jakobson to be published later, we will present ap-
plications of the results and methods given here to the one parameter family of
diffeomorphisms Hλ(x, y) = (A(λ, x) −B(x)y, x). Here λ is an external parameter
varying in an interval J0 and A(λ, x), B(x) are smooth maps with B(x) nowhere
vanishing. When A(λ, x) = λ− x2 and B(x) = b 6= 0 is constant, this is, of course,
the Henon family. Our results allow varying Jacobian determinant B(x) which can
be large in some x−intervals and small in other x−intervals. Thus, we will obtain
the first examples of dissipative planar diffeomorphisms with SRB measures in which
the Jacobian determinants are not uniformly exponentially small.

As a related second new consequence of some of the results presented here we
mention that one can obtain stronger versions of the results in [6]. In the latter
paper, we considered maps fi defined on closed full-height subrectangles Ei of a
given rectangle with certain expansion and bounded distortion properties. We used
the Whitney Extension Theorem to extend each map fi to a neighborhood Ui of Ei

with related expansion and bounded distortion properties. The results given here
allow one to avoid the use of the Whitney Extension Theorem and get the same
results of [6] by assuming the expansion and bounded distortion properties hold
only on the interiors of the rectangles Ei.

We also mention that, in connection with work on bifurcation theory [11], J.
Palis and J-C. Yoccoz have also obtained estimates for dilation ratios for surface
diffeomorphisms with unbounded derivatives (see [10]) which are similar in spirit
to those given here, but which use very different techniques from ours and require
different assumptions. A significant way in which their assumptions differ from
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ours is that the hyperbolic maps they consider have images whose diameters are
uniformly bounded below. This assumption, which is sufficient for their applications
to bifurcation theory, is, at least in our present understanding, too strong to be
applicable to proving the existence of SRB measures in families Hλ(x, y) as above.

In concluding this introduction, we remark that it is evident that some parts of
the present paper are rather technical and involve many different symbols. As an
aid to the reader, we have appended a glossary which gives the page numbers for
definitions of most of the symbols used in the paper.

Acknowlegement. This work grew out of on-going joint work with M. Jakob-
son on families Hλ(x, y) as above. We have developed various approaches to two-
dimensional distortion estimates which are similar in spirit but differ in technical
details. The approaches extend the techniques of distortion estimates developed in
[5] and [6]. The present work presents one of these approaches. It is a pleasure to
acknowledge many useful conversations with Michael Jakobson in connection with
this work.

1. Dilation and distortion in one dimensional systems. Our main results
concern two dimensional diffeomorphisms. However, as motivation for these results,
it seems worthwhile to begin with some related concepts in one-dimensional systems.

Let f be a C2 diffeomorphism from a closed real interval E to its image. One
defines the dilation ratio drt(f) = drt(f,E) of the pair (f,E) to be the quantity

drt(f,E) = sup
z,w∈E

| Df(z) |
| Df(w) | .

One next defines the distortion Θ(f,E) of the pair (f,E) by

Θ(f,E) = sup
z∈E

| D2f(z) |
| Df(z) | | E |

where Df(z), D2f(z) are the first and second derivatives of f at z and | E | is
the length of E.

The following relation between the dilation ratio and the distortion is well-known
and follows easily from the Mean Value Theorem.

If J ⊆ E is a subinterval, then
Dilation Ratio Formula for One Dimensional Distortion:

drt(f, J) ≤ exp

(

Θ(f,E)
| J |
| E |

)

. (2)

A second well-known and useful inequality relates the distortion of a composition
h = f ◦ g of interval maps to the distortions of the factor maps f, g (see [2]) or [4]).

Composition Formula for One Dimensional Distortion:
Suppose f, g are C2 diffeomorphisms defined on intervals Ef , Eg, respectively,

and g(Eg) ⊇ Ef . Let Eh = g−1(Ef ) and h = f ◦ g.
Then, writing Θ(h) = Θ(h,Eh), Θ(f) = Θ(f,Ef ), and Θ(g) = Θ(g, Eg), we

have

Θ(h) ≤ Θ(f)exp

(

Θ(g)
| Eh |
| Eg |

)

+ Θ(g)
| Eh |
| Eg | . (3)

Formula (3) can be used to show (e.g. as in [6] and [4]) that if f1, f2, . . . is
a sequence of expanding diffeomorphisms such that Θ(fi) ≤ K for all i and the
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lengths of the images of fi are bounded below, then there is a constant K1 such
that for every n ≥ 1, we have

Θ(f1 ◦ . . . ◦ fn) ≤ K1.

This, in turn, can be used to establish the existence of absolutely continuous
invariant measures (see [2], [4]).

Now, we proceed to two dimensional analogs of the above distortion concepts.

2. Statement of results. Throughout this section we denote by R2 the Euclidean
plane. We let<,> be its standard inner product and, unless otherwise stated, norms
will be with respect to this inner product.

Our first results give analogs of estimates (2) and (3) along smooth curves for a
diffeomorphism f : R2 → R2.

Let E be a subset of R2. By a diffeomorphism f : E → E′ we mean a C2

diffeomorphism f defined on an open neighborhood of E such that E′ = f(E).
We use the terminology that a standard rectangle in R2 is the product I × J of

two real intervals.
A parametrized rectangle is a triple (φ, I × J,E) in which I × J is a standard

rectangle, E is a subset of the plane, and φ is a C2 diffeomorphism from I ×J onto
E. We will frequently suppress the objects φ, I × J in the parametrized rectangle
(φ, I × J,E) and simply call the set E a rectangle.

Letting (x, y) denote coordinates in R2, and let (φ, I × J,E) be a parametrized
rectangle in R2. A full-width curve γ in I × J is a C2 curve γ(t) = (x(t), y(t)),
defined for t ∈ I, such that the map t → x(t) is a diffeomorphism from I onto I.
Similarly, a full-height curve γ in I × J is a C2 curve γ(t) = (x(t), y(t)), defined for
t ∈ J , such that the map t→ y(t) is a diffeomorphism from J onto J .

Two parametrized rectangles (φ, I×J,E), (φ1, I1×J1, E1) are compatible if I1 =
I, J1 = J,E1 = E) and the diffeomorphism φ ◦ φ−1

1 from I × J to itself carries
full-height curves to full-height curves and full-width curves to full-width curves.

A full-width subrectangle of (φ, I × J,E) is a triple (ψ1, I × J1, E1) where J1 is
a subinterval of J , and there is a rectangle (ψ, I × J,E) which is compatible with
(φ, I×J,E) such that ψ1 is the restriction of ψ to I×J1. We also sometimes simply
say that E1 is a full-width subrectangle of E. Similar definitions and considerations
apply to full-height subrectangles.

Let E be a rectangle and f : E → E′ be an C2 diffeomorphism from E to its
image E′.

Given a C2 curve γ = γ(t), a ≤ t ≤ b with non-vanishing tangent vectors, whose
image lies in E, let

γ̇(t) =
dγ

dt
and

γ(t) =
γ̇(t)

| γ̇(t) |
denote, respectively, the tangent and unit tangent vectors to γ at γ(t).

For z = γ(t) in γ, let

Jγf(z) = | Dfγ(t)(γ(t)) |
be the Jacobian of f along γ at z.
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We also use the notation ż = γ̇(t), z = γ(t) when z = γ(t) is a point in the curve
γ.

Let ds(γ) denote the arclength element on γ, and let curv(γ(t)) denote the
curvature of γ at γ(t). Set curv(γ) = supt curv(γ(t)). Denote the arclength of γ by
| γ |.

Define

Ψ1(z, f, γ) =
| Dfz |

| Dfz(z) |
,

and

Ψ2(z, f, γ) =
| D2f(z)(z, z) |
| Df(z)(z) | | γ |,

Ψ1(f, γ) = sup
z∈γ

Ψ1(z, f, γ),

Ψ2(f, γ) = sup
z∈γ

Ψ2(z, f, γ).

Our first result is an analog of (2) for two dimensional systems.

Proposition 1. (Two dimensional dilation ratio estimate) Under the above
notation, if z, w ∈ γ, then we have

Jγf(z)

Jγf(w)
≤ exp

[

(Ψ2(f, γ) + Ψ1(f, γ)curv(γ)| γ |) dγ(z, w)

| γ |

]

(4)

Remark. If we introduce the quantity

Ψ(f, γ) = Ψ2(f, γ) + Ψ1(f, γ)curv(γ)| γ |,
then we can rewrite (4) in a form which is analogous to the one dimensional dilation
ratio expression:

Jγf(z)

Jγf(w)
≤ exp

(

Ψ(f, γ)
dγ(z, w)

| γ |

)

. (5)

The quantity Ψ2(f, γ) is reminiscent of the one-dimensional distortion, but we
see that the ratio Ψ1(f, γ) of the derivative norms and the curvature of γ enter in to
the formula. In keeping with the analogy with one dimensional systems, we define
the distortion of f along the curve γ to be the quantity Ψ(f, γ). Note that if γ is
a line segment, then Ψ2(f, γ) = Ψ(f, γ) since curv(γ) = 0.

Next, we wish to consider analogs of the composition formula (3) for two dimen-
sional maps. The proper concept involves properties of the mappings on curves.

Let f : Ef → E′
f , g : Eg → E′

g be C2 diffeomorphisms of rectangles onto their

images. We say that g Markov precedes f , written f ≻ g or g ≺ f , if E′
g

⋂

Ef is

a full-width subrectangle of Ef and g−1(E′
g

⋂

Ef ) is a full-height subrectangle of

Eg. In that case the map h = f ◦ g is a C2 diffeomorphism from the rectangle
Eh = g−1(E′

g

⋂

Ef ) onto its image E′
h. We call h a Markov composition of f and

g.
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Proposition 2. (Distortion formula for two dimensional Markov compo-
sitions). Suppose that h = f ◦ g is a Markov composition of f and g and that γg

is a full-width curve in Eg such that γf = g(γg)
⋂

Ef is a full-width curve in Ef .
Let γh = γg

⋂

Eh. Then,

Ψ2(h, γh) ≤ Ψ2(f, γf )exp

(

Ψ(g, γg)
| γh |
| γg |

)

+ Ψ1(f, γf )Ψ2(g, γg)
| γh |
| γg | . (6)

Now, we obtain an upper bound for the quantity Ψ1(f, γ) if the mapping f
satisfies certain cone conditions.

Let 0 < α be a fixed real number. The standard α−cones Ku
α, K

s
α in R2 are

defined to be

Ku
α = {v = (v1, v2) : | v2 | ≤ α| v1 |}, (7)

Ks
α = {v = (v1, v2) : | v1 | ≤ α| v2 |}. (8)

A cone in R2 is the image of Ku
1 by a linear isomorphism P . For a subset E ⊂ R2

and mapping φ : E → Gl(2,R), the function z → Kz = φ(z)(Ku
1 ) will be called a

cone field in E. If φ is continuous we speak of a continuous cone field in E. We
sometimes use the notation K for the cone field z → Kz.

If K is a cone field in E and f : E → E′ is a C1 diffeomorphism, we have the
push-forward cone field f⋆K on E′ defined by

f⋆(K)fz = Dfz(Kz).

Similarly, if K′ is a cone field in E′, we have the pull-back cone field f⋆K′ in E
defined by

f⋆(K′)z = Df−1
fz (K′

fz).

These operations obviously extend to pairs of cone fields (K1,K2) by f⋆(K1,K2) =
(f⋆(K1), f⋆(K2), f

⋆(K1,K2) = (f⋆(K1), f
⋆(K2).

Given cone fields K1, K2, we say that K1 ⊆ K2 if we have K1
z ⊆ K2

z for all z.
Let C = (Cu, Cs) be a pair of cone fields on E. We say that C is a disjoint pair of

cone fields if Cu
z

⋂ Cs
z = {(0, 0)} for z ∈ E.

Given two linearly independent vectors, v, w ∈ R2, we define the angle between
them, ang(v,w), by

ang(v, w) = arccos

(

< v,w >

| v || w |

)

(9)

Given the disjoint pair of cone fields C = (Cu, Cs) on E, we define

ang(z, Cu, Cs) = inf{| ang(v, w) | : v ∈ Cu
z \ {0}, w ∈ Cs

z \ {0}}
and

ang(C) = inf{ang(z, Cu, Cs) : z ∈ E}
We call ang(C), the angle of the cone field pair C.
If ang(C) > 0 on E we call the cone field pair C separated on E. Of course, if C

is a continuous disjoint cone field pair on E and E is compact, then C is separated
on E. In the continuous case, it is clear that
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0 < ang(C) <
π

2
. (10)

In this paper we will only consider separated cone field pairs, so, by convention,
when we say cone field pair we always mean separated cone field pair.

Let E be a subset of R2, let f : E → E′ be a diffeomorphism, and let C be
a separated cone field pair on E

⋃

E′, with C = (Cu, Cs). We call f a C − map
if f⋆(Cu) ⊂ Cu and f⋆(Cs) ⊂ Cs (on their appropriate domains of course). A
curve γ : t → γ(t) in E is a Cu−curve if d

dt
γ(t) ∈ Cu

γ(t) for all t. Similarly, define

Cs−curves.
For a C−map f : E → E′ and z ∈ E, let

mu
z = inf

v∈Cu
z \{0}

| Dfz(v) |
| v | ,

ms
z = inf

v∈Cs
fz

\{0}

| Df−1
fz (v) |
| v | .

Thus, mu
z is the least expansion of Dfz on vectors in Cu

z \ {0} and an analogous
statement holds for ms

z.
Also, define

mC = inf
z∈E

ms(z)mu(z).

We call mC the domination coefficient of the cone pair C (or of the pair (f, C)).
We say that f expands the cone field Cu on E if

inf
v∈Cu

z \{0},z∈E

| Dfz(v) |
| v | > 1.

We also say that f | Cu is expanding.
We call f : E → E′ hyperbolic if there is a continuous pair of separated cone

fields C = (Cu, Cs) on E
⋃

E′ such that

1. f is a C-map.
2. f expands Cu and f−1 expands Cs.

When we wish to emphasize the cone field pair C in this definition, we will say
that f is C−hyperbolic.

In several cases below the specific rates of expansion of a C− hyperbolic map will
be important for us. Accordingly, we set

Ru = inf
z∈E

mu
z , Rs = inf

z∈E
ms

z, R = (Ru, Rs),

and

Rmin = min(Ru, Rs) > 1.

When we wish to include the pair R = (Ru, Rs) in the definition of hyperbolicity,
we will say that f is (R, C)−hyperbolic, (R, Cu, Cs)−hyperbolic, or (Ru, Rs, Cu, Cs)-
hyperbolic.

Remark. The concepts we have defined above work naturally with respect to
compositions. We have the following.
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1. Suppose g : E → E′ and f : E′ → E′′ are C−maps where C is a separated
cone field pair on E

⋃

E′
⋃

E′′. Then, f ◦ g is also a C-map.
2. Suppose g : E → E′ and f : E′ → E′′ are (R, C)−hyperbolic maps, then so is
f ◦ g.

Our next proposition gives a convenient estimate of Ψ1(f, γ) for C−maps.

Proposition 3. Assume that f is a C−map with domination coefficient mC . Let
β = sin(ang(C)) where ang(C) is the minimum angle of the cone field pair C =
(Cu, Cs), and let γ be a Cu−curve.

Then,

Ψ1(f, γ) ≤
2(1 +mC)

β2mC

. (11)

Let 0 < α < 1. For simplicity, if Kα = (Ku
α,K

s
α) is the standard α− cone field

pair, and f is (R,Kα)−hyperbolic, we say that f is (R,α)−hyperbolic. We will
also use a pointwise version. We say that f is (R,α, z)−hyperbolic if Df(z) maps
Ku
α into itself, is an Ru−expansion on Ku

α, Df−1(f(z)) maps Ks
α into itself, and

is an Rs−expansion on Ks
α.

Our next result states roughly that an arbitrary composition of Markov related
(R,α) hyperbolic maps, each with bounded distortion along full-width Ku

α−curves,
again has bounded distortion.

Theorem 2.1. Let Q be a standard rectangle, n ≥ 2 be a positive integer, and
let E1, E2, . . . En be a sequence of full-height subrectangles of Q. For 0 < α <
1, Rmin > 1, and 1 ≤ i < n, let fi : Ei → E′

i be an (R,α) hyperbolic map such
that fi Markov precedes fi+1 and E′

i ⊂ Q. Let z1 ∈ E1 and let γ1 be a full-width
(C2) Ku

α−curve in E1 containing z1, and let curv(γ1) be its maximum curvature.
Let Fi = fi ◦ fi−1 ◦ . . . ◦ f1, zi+1 = Fi(z1), and let γi+1 be the connected component
of Fi(γ1)

⋂

Ei+1 containing zi+1. For 2 ≤ i ≤ n, let

ηi = F−1
i−1(γi).

Assume there is a constant K0 > 0 such that

sup
1≤i≤n

Ψ2(fi, γi) < K0. (12)

Then, there a constant K = K(K0, R, curv(γ1), | γ1 |) > 0 such that

Ψ(Fn−1, ηn) ≤ K. (13)

Remark.

1. Corollary 3.4 in the paper of Palis and Yoccoz [10] contains a similar result
under stronger assumptions for both fi and f−1

i when γ1 is a line segment.
2. The result does not require that the rectangles be closed. Thus one can apply

together with Proposition 1 it to prove Proposition 8.1 in [6], allowing one
improve the results of [6] as we indicated earlier.

Next, we move to the case of compositions of hyperbolic and parabolic maps.
It will be convenient to consider analogs of the distortion like quantity Ψ2 above

using affine coordinates in which certain maps have diagonal Jacobian matrices.
Such coordinates are sometimes called adapted coordinates.
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Let z ∈ R2, v, w be two linearly independent vectors in R2, and let ṽ = v

| v | , w̃ =
w

| w | be the associated unit vectors.

Let e1 =

(

1
0

)

e2 =

(

0
1

)

be the standard basis vectors of R2. Let Az,v,w be

the affine automorphism of R2 such that

1. Az,v,w(z) = z
2. DAz,v,w(ṽ) = e1
3. DAz,v,w(w̃) = e2

Given linearly independent vectors v, w, let

v⋆ = Dfz(v), w
⋆ = Df−1

fz (w)

Set

f̃ = f̃z,v,w = Afz,v⋆,w ◦ f ◦A−1
z,v,w⋆ (14)

Given an embedded C1 curve γ = {γ(t), a ≤ t ≤ b}, let | γ | denote its arclength,
and, for z1, z2 ∈ γ, let dγ(z1, z2) denote the arclength of the subarc of γ from z1 to
z2.

Now, assume that f : E → E′ is C-hyperbolic with a separated cone field pair
C = (Cu, Cs) defined on E

⋃

E′.
A C2 curve γ = γ(t) is a Cu−curve if γ(t) ∈ E and γ̇(t) ∈ Cu

γ(t) for all t.

Let z = γ(t) for some t, let ż = γ̇(t), and let w be a non-zero vector in Cs
fz. Set

γ̃z,w = Az,ż,w⋆(γ). Recall that curv(γ) denotes the maximum of the curvatures of
the curve γ at its various points.

Define

Θ(z, f, w, γ) = max
(i,j)

| D2f̃z,ż,w(z)(ei, ej) |
| Df̃z,ż,w(z)(e1) |

| γ̃z,w |

and

Θ2(z, f, w, γ) = max
(i,j) 6=(1,1)

| D2f̃z,ż,w(z)(ei, ej) |
| Df̃z,ż,w(z)(e1) |

| γ̃z,w |

Θ(z, f, γ) = sup
w∈Cs

fz

Θ(z, f, w, γ)

Θ(f, γ) = sup
z∈γ

Θ(z, f, γ)

Θ2(z, f, γ) = sup
w∈Cs

fz

Θ2(z, f, w, γ)

Θ2(f, γ) = sup
z∈γ

Θ2(z, f, γ)

We call Θ(f, γ) the Θ−distortion of f along γ, and we call Θ2(f, γ) the
Θ2−distortion of f along γ. When γ is understood, we refer simply to the
Θ−distortion or Θ2−distortion of f .

Observe that if Ku
α ⊂ Cu

z and Ks
α ⊂ Cs

z , and γ is a horizontal line segment, then
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Ψ2(g, γ) ≤ KΘ(f, γ) (15)

for some constant K depending on α.
Let I = [a, b], J = [c, d] be two closed real intervals.
Given a curvilinear rectangle φ : I × J → E, we define the vertical curves to

be the curves φ({x} × J) for x ∈ I, and the horizontal curves to be the curves
φ(I × {y}) for y ∈ J . The vertical boundary of E is the set consisting of the pair
of curves {a} × J, {b} × J , and the horizontal boundary is the set consistimg of the
curves I × {c}, I × {d}.

When the context makes it clear, we identify the parameterized rectangle with
its image and refer to the vertical and horizontal boundaries of E.

An admissible rectangle is a curvilinear rectangle whose horizontal bound-
ary curves are horizontal line segments and whose vertical boundary curves are
Ks
α−curves.
If E is an admissible rectangle, and z ∈ E, the full-width horizontal line segment

through z in E is called the E−horizontal line segment through z, and any of these
is called an E−horizontal line segment.

An image-admissible rectangle is the image E′ = f(E) where E is an admissible
rectangle and f is an (R,α)-hyperbolic map. A horizontal curve in an image-
admissible rectangle E′ = f(E) is the f−image of a full-width horizontal line seg-
ment in E. For z ∈ E, we denote the horizontal curve through z by ℓh(z).

We now consider parabolic maps.
Let W be an admissible rectangle, and K > 0. Let f be a C2 diffeomorphism

and γ be a C2 curve in the domain of f . We say f maps γ K−parabolically into
W if

1. both endpoints of γ are mapped into the same vertical boundary curve γb of
W ,

2. For any non-zero vector v tangent to γ, | Df(v) | ≥ | v |
3. At any point z of f(γ) where the slope of the tangent vector is greater than

or equal to 1, the curvature of f(γ) at z is greater than or equal to K
4. the curvature of γb at any of its points is less than K

2 .

Observe that, it follows from these definitions that there is a unique point z′c(γ) ∈
f(γ) at which the tangent vector to f(γ) is parallel to some tangent vector to γb.

Let E,W be rectangles, and assume that W is admissible and E is image-
admissible.

Given a C2 plane curve γ(t) = (x1(t), x2(t)), t ∈ [a, b], with first and second
derivatives γ′(t) = (x′1(t), x

′
2(t)), γ

′′(t) = (x1(t), x2(t)), we define the C1 size of γ to
be

| γ |C1 = max
t∈[a,b],i=1,2

(| xi(t) |, | x′i(t) |),

Similarly, we define the C2 size of γ to be

| γ |C2 = max
t∈[a,b],i=1,2

(| xi(t) |, | x′i(t) |, | x′′i (t) |).

Given two curves γ0(t), γ1(t), t ∈ [a, b] we define the C1 and C2 distances,
respectively, between them to be

d1(γ0, γ1) = | γ0 − γ1 |C1 ,
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and

d2(γ0, γ1) = | γ0 − γ1 |C2 .

The arclength of the curve γ is denoted | γ |.
Let K > 0, we say f maps E K−parabolically into W if f maps each horizontal

curve in E K−parabolically into W .
When the domain E of f and the constant K are understood, we sometimes

simply say the the map f is parabolic.
Next, we consider certain compositions h = f ◦ p ◦ g where f, g are hyperbolic

maps and p is a parabolic map.
Let f : Ef → E′

f , g : Eg → E′
g be (R,α)−hyperbolic, with Ef and Eg admissible

rectangles. Let W be another admissible rectangle containing Ef as a full-height
subrectangle, and suppose that p : E′

g → W is a C2 diffeomorphism from E′
g into

W . We say

f ≻ p ≻ g (16)

if

1. p(E′
g) = (p ◦ g)(Eg)

⋂

Ef consists of two connected components Z1, Z2 each
of which is a full-width subrectangle of Ef

2. the rectangles (p ◦ g)−1(Zi) have full-height in Eg for i = 1, 2, and
3. E′

f contains at least one full-height vertical line segment

Assuming that f ≻ p ≻ g, let Eh,i = (p ◦ g)−1Zi for i = 1, 2. The rectangle Eh,i

is a full-height subrectangle of Eg. Let

hi denote the restriction of f ◦ p ◦ g to Eh,i. (17)

We will be interested in conditions which guarantee that the map hi is also
(R,α)−hyperbolic, and we will obtain certain distortion estimates of hi on horizon-
tal line segments in Eh,i in terms of distortion estimates of g and f and geometric
properties of f, p, g.

Figure 1 shows the geometric structure of the maps f, p, g.
Given a rectangle E, let lw(E) be the largest full-height subrectangle of E such

that each point w ∈ lw(E) contains a full-height vertical line segment in E. In
general, lw(E) may not exist, but if E is image-admissible, and its top and bottom
boundaries are close to each other compared to their lengths, then lw(E) does exist.

For each point w ∈ E′
f , we define the principal vertical line segment, ℓv(w),

associated to w to be the full-height vertical line segment in lw(E′
f ) which is closest

to w. Thus, if w ∈ lw(E′
f ), then ℓv(w) is simply the full-height vertical line segment

through w. Otherwise, it is the vertical boundary curve of lw(E′
f ) which is closest

to w.
For w ∈ E′

f with w = f(z), let ℓ−1
v (z) = f−1(ℓv(w)). This is the principal vertical

curve of z. It is a Ks
α full-height curve in Ef . For any curve γ in Ef , and z ∈ γ

such that γ
⋂

ℓ−1
v (z) 6= ∅, define the vertical curve distance of (z, γ) to be

vcd(z, γ) = distγ(z, ℓ−1
v (z)),

where distγ(z, ℓ−1
v (z)) is the arclength of the shortest subarc of γ joining z to

γ
⋂

ℓ−1
v (z)).

Define the maximum vertical curve distance of γ to be
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Figure 1. The maps f, p, g

vcd(γ) = sup
z∈γ

vcd(z, γ). (18)

Notice that if each point of E′
f is contained in a full-height vertical line segment

in E′
f , then, vcd(γ) = 0.

Define the quantity wf (z, γ) to be the infimum of the lengths of Ef−horizontal
line segments which meet γ. That is, if L(γ) is this collection of horizontal line
segments, set

wf (z, γ) = inf
ℓ∈L(γ)

| ℓ |. (19)

For a curve γ, let mincurv(γ) denote the minimum of the curvatures of γ at any
of its points, and recall that curv(γ) denotes the maximum of the curvatures of γ
at any of its points. We call

vcurv(Ef ) = max
z∈Ef

curv(ℓ−1
v (z))

the vertical curvature of Ef .
For a point z = z1 ∈ Zi with associated points z0 = (p ◦ g)−1z, z2 = f(z), we

have the cone fields Cu(z) = D(p ◦ g)(Ku
α(z0)), Cs(z) = Df−1(z2)(K

s
α(z2)). Define

the minimum angle

ang
def
= infz∈Zi

ang(Cu(z), Cs(z)). (20)

We remark that the assumptions of Theorem 2.2 below will imply that ang > 0.
In the setting of Theorem 2.2, f, p, g will be maps such that f ≻ p ≻ g, γg will be

a full-width horizontal line segment in Eg, z0 will be a point in γg, z1 will be g(z0),
and z2 ∈ Ef will be p(z1). The map h will be one of the hi defined in (17), the



358 SHELDON NEWHOUSE

curve γf will be the Ef−horizontal line segment passing through z2, and the curve

γh will be the corresponding line segment γg

⋂

Eh,i = (p ◦ g)−1((p ◦ g)(γg)
⋂

Zi).
Letting a ∼ b mean that a

b
is bounded above and below, it will turn out that, for

the curve γ = (p ◦ g)(γh), we have

vcd(γ) ∼ dist(z1, ℓ
−1
v (z1))

ang
.

For notational brevity below, we write

Θ(f) = Θ(z2, f, γf ), Θ(h) = Θ(z0, h, γh), Θ(g) = Θ(z0, g, γg), (21)

and

Θ2(f) = Θ2(z2, f, γf ), Θ2(h) = Θ2(z0, h, γh), Θ2(g) = Θ2(z0, g, γg), (22)

For a line segment γ in Eg, we set

J⋆(g, γ) = sup
z∈γ

| det(Dg(z)) |
Jγg(z)2

(23)

and

J1(g, γ) =
J⋆(g, γ)

ang
.

We let ∂left(Ef ), ∂right(Ef ) denote, respectively, the left and right vertical bound-
ary curves of Ef .

Let γ be a curve both of whose boundary points lie in the same component of the
vertical boundary of the rectangle Ef , and let ∂γ(Ef ) denote this vertical boundary
component. Define the critical distance from γ to Ef to be

cdist(γ,Ef ) = max
z∈γ

dist(z, ∂γ(Ef ).

For a map f , and a point z, set

Jf = Jf(z) = | det(Df(z)) |. (24)

In formulas (25)–(52) below, the quantities Jf and f1x are to be evaluated at
appropriate points z ∈ γf , and the quantities Jg and g1x(z) are to be evaluated
at appropriate points z ∈ γg. All of the inequalities are assumed to be uniform in
those points z.

Recall from (19) and (18) that, for z ∈ Ef and γ a curve through z, the quantity
wf (z, γ) is the smallest width of horizontal line segments meeting γ, and vcd(z, γ)
is the smallest distance along γ to the pull-back of the closest vertical curve in E′

f

to f(z).

Theorem 2.2. (Composition formula for distortion of hyperbolic and par-
abolic maps)

Let 0 < α < 1
3 , 1 < Rmin, K0 > 0 be constants. Using the above notation,

assume that f : Ef → E′
f , g : Eg → E′

g are (R,α)−hyperbolic, p : Ep →W is a C2

embedding, and that f ≻ p ≻ g. Fix i = 1 or i = 2. Let h be the mapping hi defined
in (17) above with corresponding rectangle Zi, and let Eh = Eh,i = (p ◦ g)−1(Zi).
Let z0 be a point in Eh, let γg be the Eg−horizontal line segment through z0, and
let γh = γg

⋂

Eh. Let z1 = g(z0) ∈ E′
g, z2 = p(z1) ∈ Ef , and let γf be the
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Ef−horizontal line segment in Ef through z2. Let ρh(z2) = vcd(z2, (p ◦ g)(γh)),
wf (z2) = wf (z2, (p ◦ g)(γh)), and let the various Θ,Θ2 quantities be defined as in
(21) and (22) above.

Then, there are positive constants K1, C0 > 1 and 0 < ǫ0 < 1 depending on
K0, α, the C2 size of p, and the C1 size of p−1, with the following properties.

Suppose that p maps g(γg) K0−parabolically into W , and, in addition,

Jf

| f1x |2
<

1

9
, (25)

| γf | ≤ K0 cdist((p ◦ g)(γg), Ef ), (26)

max(1,Θ(g))
| γf |2

ang5
< K0, (27)

ρh(z2)

wf (z2)
max(1,Θ(f)) < ǫ0 ang (28)

vcurv(Ef ) < ǫ0 min(1,mincurv((p ◦ g)(γg)), (29)

and

Rmin · ang > C0. (30)

Then, h is also (R,α)−hyperbolic.
Moreover, setting

ν0 =
Θ2(f)

ang2
+

Θ(g)| γf |2

ang5
+

| γf |
ang2

+
Θ(g)

ang

| γh |
| γg | , (31)

ν1 = ν0 + J1(f, γf ), (32)

and

ν2 =

(

Θ2(f)

ang2
+

| γf |
ang2

)

J1(g, γh)exp

(

Θ(g)

ang

| γh |
| γg |

)

+
Θ(g)J1(g, γh)

ang

| γh |
| γg | +

Θ2(g)

ang

| γh |
| γg | (33)

we have

Θ(h) ≤ Θ(f)exp(K1ν1) +K1ν0 (34)

and

Θ2(h) ≤ K1ν2. (35)

Remark. The expressions (31)–(35) above involve many terms and are com-
plicated. With a view toward eventual applications, we wish to simplify these
estimates. This will involve addtitional assumptions which, together with the cor-
responding theorems, we describe next. Our principle goal is to give conditions
under which compositions of many hyperbolic and parabolic maps have uniformly
bounded distortion. This is the content of Theorem 2.5 below which may be re-
garded as one of the main results of this paper.
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Consider a composition h = f ◦ p ◦ g with f, g, p, γg, γh, γf as in Theorem 2.2.
Note that this is actually an abuse of notation. The domain of the composition
f ◦ p ◦ g is a union of two full-height subrectangles Eh,1 and Eh,2 of the domain
Eg of g. We continue to use h to denote the restriction of f ◦ p ◦ g to one of the
rectangles Eh,i.

Set Sg = g(γg).
In the following the numbers δi will all be suitably small positive constants.
Assumptions (A):

Jf

| f1x |2
≤ | γf |

ang
, (36)

and, there are constants δ1, δ2, δ3 in (0, 1), K2 > 1 such that

ang < 1, | Sg | < 1,
| γf |
ang2

< K2| Sg |−δ2
| γh |
| γg | < 1, (37)

Θ(g) < K2| Sg |1−δ1 , (38)

K2| Sg | > ang ≥ K−1
2 | Sg |1+δ2 , (39)

and

4K3
2 | Sg |−δ1−2δ2

( | γh |
| γg |

)δ3

< 1. (40)

Then, we have the following estimate for Θ(h):

Theorem 2.3. Let K1 be as in Theorem 2.2, and let δ3 be as in (40). In addition to
the hypotheses (25)–(30) of Theorem 2.2, suppose that assumptions (A) are satisfied,
and set

ν3 =
Θ2(f)

ang2
+

( | γh |
| γg |

)1−δ3

.

Then, we have

Θ(h) ≤ Θ(f)exp (K1ν3) +K1ν3. (41)

To obtain a simplified estimate for Θ2(h), we make some more assumptions.
Let L1 > 0 and L2 > 0 be such that

Θ(g) ≤ L1, exp

(

Θ(g)

ang

| γh |
| γg |

)

≤ L2. (42)

Set

K3 = max(1,K1L1,K1L2,K2). (43)

Assumptions (B):

K
(1−δ3)(1+2δ2)
2 | Sg |(1−δ3)δ2 < 1, (44)

K3
3

Jg

ang3| g1x |2
<

1

4
, (45)
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K3| γg |1−δ3

ang

( | γh |
| γg |

)δ3

<
1

4
, (46)

Θ2(f) < | γf |1−δ3 , (47)

Θ2(g) < | γg |1−δ3 , (48)

and

K3
3Jg

ang2| g1x |2
(

1

| γf |

)1−δ3

<
1

4
. (49)

Assumptions (C):
The map h = f ◦ p ◦ g satisfies

Jg

ang2+δ4 | g1x |1+δ3

<
1

3K3
, (50)

Jg

ang3| g1x | | γh |δ3 <
1

3K3
, (51)

and

1

ang

( | γh |
| γg |

)δ3

<
1

3K3
. (52)

We make some further definitions.
We call the map h = f ◦ p ◦ g a basic central composition map (or bcc map) if it

satisfies the hypotheses (16), (25)–(30) of Theorem 2.2, and Assumptions (A) and
(B).

Observe that, for simplicity of notation, we continue to consider h as the restric-
tion of the actual composition f ◦ p ◦ g to one of the connected components of its
domain. A similar remark holds for all of the maps h,H,Hj , f, g we consider below.
The domain of each such map is a single rectangle.

Consider a sequence gj, 0 ≤ j ≤ k of (R,α)−hyperbolic maps such that each

Hj
def
= gj−1 ◦ p ◦ gj is a bcc map.

Let h0 = g0 and, for 1 ≤ j ≤ k, let

hj = g0 ◦ p ◦ g1 ◦ . . . ◦ p ◦ gj,

and assume that

hj−1 ≻ p ≻ gj .

For each j, let Egj
, Ehj

denote, respectively, the domains of the maps gj , hj .
These are admissible rectangles.

Given a point zk in Ehk
, let zk−1 = p ◦ gk(zk), zk−2 = p ◦ gk−1(zk−1), . . . , z0 ∈

Eg0
.

Thus, each zj ∈ Ehj
⊂ Egj

.
Let γgj

denote the full-width line segment in Egj
which contains zj, and let

γhj
= γgj

⋂

Ehj
. Let angj denote the minimum angle as in (20) obtained by

substituting hj−1 for f and gj for g.
The sequence
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T (zk, hk) = ((γgk
, γhk

, ang
k
), (γgk−1

, γhk−1
, ang

k−1
), . . . , (γg1

, γh1
, ang

1
))

will be called the triple sequence of the pair (zk, hk). It is defined for each point
zk in the domain Ehk

of a composition hk as above.
A central composition map (or cc map) is a composition

hk = g0 ◦ p ◦ g1 ◦ p ◦ g2 · · · ◦ p ◦ gk. (53)

as above such that, for each point zk ∈ Ehk
the triple sequence T (zk, hk) satisfies

| γhj−1
|

ang2
j

< K2| Sgj
|−δ2

| γhj
|

| γgj
| < 1 (54)

for each 1 ≤ j ≤ k.
We call the map hk the concatenation of the maps Hj , for 1 ≤ j ≤ k, and we

write H = hk = H1 ⊙H2 . . .⊙Hk.
Note that the maps gj may themselves be concatenations of bcc maps. However,

since each map Hj is (R,α)−hyperbolic and Rmin > 1, there is a maximal number
of bcc maps whose concatenation gives hk.

We define the rank of the cc map H to be this maximal number of bcc maps
whose concatenation gives H . It may be larger than k.

The cc map H is called an enhanced cc map or ecc map if H can be written as
a composition H = f ◦ p ◦ g in which f and g are cc maps and assumptions (16),
(A), (B) and (C) are satisfied.

We now get the following simplified estimates for Θ2(h).

Theorem 2.4. Suppose that h = f ◦ p ◦ g is a bcc map or a cc map of rank k ≥ 2
where f is a cc map of rank k − 1 satisfying the above conditions. Then,

Θ2(h) ≤
( | γh |
| γg |

)1−δ3

. (55)

If, in addition, h is an ecc map, then we have

Θ2(h) ≤ | γh |1−δ3 . (56)

Remark. It is natural to ask when the expressions in assumptions (A), (B),
and (C) are satisfied in applications. While the geometric meaning of some of these
expressions is clear, others may be somewhat more opaque. Also, there often are
further relations between these quantities in typical applications. To help make
the expressions involved more intuitive, we give two tables below which informally
describe some situations which guarantee that some of the expressions above occur.
All numbers in the second column are assumed to be less than 1. In some of
the expressions a << b means that a < ǫ b for a small constant ǫ, and in other
expressions, it means that a < bc for some real number c > 1.

Note that the quantity ang2 is roughly the maximal distance between points of
p(γg) and Ef .
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expressions sufficient conditions

(37), (40), (46)
| γf |
ang2 ∼ | γh |

γ
g

<< 1

(39), (44) ang ∼ Sg << 1

(45), (49) Jg

| g1x |2 << min(ang3, ang2| γf |)
(50), (51) Jg

| g1x | << ang3

(52)
| γh |
| γg | << ang.

A second table is also useful.
Let δ3 > 0 be chosen so that (46) holds. Then, choose δ1, δ2 << δ3 and get the

first two lines of the above table. Using line 2, we have | γf | < ang2, so we have

ang2| γf | < ang4 < ang3, and we can write-

expressions sufficient conditions

(37), (40), (46)
| γf |
ang2 ∼ | γh |

γ
g

<< 1

(39), (44) ang ∼ Sg << 1

(45), (49) Jg

| g1x |2 << ang2| γf |
(50), (51) Jg

| g1x | << ang3

(52)

(

| γh |
| γg |

)δ3

<< ang.

Our final result gives an analog of Theorem 2.1 for cc maps of arbitrary rank.
Given the cc map H = g0 ◦ p ◦ g1 ◦ p ◦ g2 · · · ◦ p ◦ gk of rank k ≥ 1 expressed in

terms of its bcc components, let

h0 = g0

h1 = g0 ◦ p ◦ g1
h2 = h1 ◦ p ◦ g2
h3 = h2 ◦ p ◦ g3

...

hk = hk−1 ◦ p ◦ gk.

For 0 ≤ i ≤ k, we call hi the the i− th left-segment of H . Of course, each hi is
a cc map itself.

Theorem 2.5. Let H = g0 ◦ p ◦ g1 ◦ p ◦ g2 · · · ◦ p ◦ gk be a cc map such that there
is a constant K4 > 0 such that

Θ(gi) ≤ K4 (57)

for each 0 ≤ i ≤ k. Let zk be a point in Ehk
with associated triple sequence T (zk, hk).

Let δ3 be as in Theorem 2.4, and let K1 be as in Theorem 2.3.
Assume further that

max





Θ2(h0)

ang2
1

,

( | γh1
|

| γg1
|

)1−δ3



 ≤ K4

2K1
, (58)

and there is a constant 0 < ξ < 1 such that for each i ∈ [2, k],
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K1

ang2
i

(

| γhi−1
|

| γgi−1
|

)1−δ3

+K1

( | γhi
|

| γgi
|

)1−δ3

≤ K4ξ
i. (59)

Then,

Θ(H) ≤
(

K4

k
∑

i=0

ξi

)

exp

(

K4

k
∑

i=0

ξi

)

. (60)

In particular, if

K5 =

(

K4

∞
∑

i=0

ξi

)

exp

(

K4

∞
∑

i=0

ξi

)

,

then,

Θ(hk) ≤ K5

for all k ≥ 1.

Remark. One way to interpret condition (59) is the following. As we add the
compositions p ◦ gi to hi−1 to form hi, the ratios

| γhi
|

| gi |
can decrease exponentially. Also, the angles angi can decrease exponentially. How-
ever, the angi decrease slowly enough so that the quantity

| γhi−1
|

ang2
i | gi−1 |

still decreases exponentially.

3. Proof of Proposition 1. Let I be the domain of the curve t → γ(t), and let
t1, t2 ∈ I be such that γ(t1) = w, γ(t2) = z. Replacing γ by t → γ(−t) (and I by
−I) if necessary, we may assume that t1 ≤ t2.

Write z(t) for the unit vector in the direction of γ̇(t) and s = sγ(t) for the
arclength parameter. All equalities and inequalities in this proof will be up to
multiplication by possibly different constants K.

First, we have

| Dfγ(t2)(z(t2)) |
| Dfγ(t1)(z(t1))) |

= exp

(∫ t2

t1

d

dt
log | Dfγ(t)(z(t)) | dt

)

≤ exp

(∫ t2

t1

∣

∣

∣

∣

d

dt
log | Dfγ(t)(z(t)) |

∣

∣

∣

∣

dt

)

.

Next, using standard estimates and the Cauchy-Schwarz inequality, we have
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∣

∣

∣

∣

d

dt
log | Dfγ(t)(z(t)) |

∣

∣

∣

∣

=

∣

∣

∣

∣

1

| Dfγ(t)(z(t)) |
d

dt
| Dfγ(t)(z(t)) |

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1

| Dfγ(t)(z(t)) |
< d

dt
Dfγ(t)(z(t)), Dfγ(t)(z(t)) >

| Dfγ(t)(z(t)) |

∣

∣

∣

∣

∣

≤ | d
dt
Dfγ(t)(z(t)) |

| Dfγ(t)(z(t)) |

≤ | D2fγ(t)(γ̇(t)), z(t)) | + | Dfγ(t)(
d
dt
z(t)) |

| Dfγ(t)(z(t)) |

≤ | D2fγ(t)(z(t)), z(t)) || γ̇(t) | + | Dfγ(t) || d
dt
z(t) |

| Dfγ(t)(z(t)) |

≤ | D2fγ(t)(z(t)), z(t)) || γ̇(t) |
| Dfγ(t)(z(t)) |

+ Ψ1(f, γ)| d
dt
z(t) |

Moreover,

∣

∣

∣

∣

d

dt
z(t)

∣

∣

∣

∣

=

∣

∣

∣

∣

d

dsγ
z(sγ(t))

∣

∣

∣

∣

·
∣

∣

∣

∣

dsγ

dt

∣

∣

∣

∣

= curv(γ(t)) · | γ̇(t) |.
Hence,

∣

∣

∣

∣

d

dt
log | Dfγ(t)(z(t)) |

∣

∣

∣

∣

≤ | D2fγ(t)(z(t)), z(t)) |
| Dfγ(t)(z(t)) |

| γ̇(t) |

+ Ψ1(f, γ)curv(γ(t))| γ̇(t) |

=
| D2fγ(t)(z(t)), z(t)) || γ |

| Dfγ(t)(z(t)) |
| γ̇(t) |
| γ |

+ Ψ1(f, γ)curv(γ(t))| γ | | γ̇(t) || γ |

≤ (Ψ2(f, γ) + Ψ1(f, γ)curv(γ)| γ |) | γ̇(t) || γ |
which implies (4) and completes the proof of Proposition 1. �

4. Proofs of Propositions 2 and 3. We first give the
Proof of Proposition 2: Consider maps f, g, h, etc. as in the statement of Proposition
2. For a point z in a curve γ, let z denote the unit tangent vector to γ at z. So,
consider z ∈ γh.

We wish to estimate

| D2hz(z, z) |
| Dhz(z) |

| γh |

in terms of f, g.
Note that
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gz =
Dgz(z)

| Dgz(z) |
,

and, the Mean Value Theorem gives us a point z1 ∈ γh such that

| Dgz1
(z1) || γh | = | γf |.

We have

| D2hz(z, z) |
| Dhz(z) |

| γh |

=
| D2fgz(Dgz(z), Dgz(z)) | + | Dfgz(D

2gz(z, z)) |
| Dfgz(Dgz(z)) |

| γh |

≤ | D2fgz(gz, gz) || γf || Dgz(z) |
| Dfgz(gz) |

| γh |
| γf | +

| Dfgz || (D2gz(z, z)) |
| Dfgz(gz) || Dgz(z) |

| γh |

=
| D2fgz(gz, gz) || γf || Dgz(z) |

| Dfgz(gz) || Dgz1
(z1) |

+
| Dfgz || (D2gz(z, z)) |
| Dfgz(gz) || Dgz(z) |

| γh |

≤ Ψ2(f, γf )exp

(

Ψ(g, γg)
| γh |
| γg |

)

+ Ψ1(f, γf )Ψ2(g, γg)
| γh |
| γg |

Taking the supremum as z varies in γh gives (6), completing the proof of Propo-
sition 2. �

Proof of Proposition 3. Assume the notation of Proposition 3.
Thus β = sin(ang(Cu, Cs)) and mC is the domination coefficient of C.
Let z ∈ γ and v1, v2 be unit vectors in TzR

2 with v2 ∈ Cu
z tangent to γ. We will

show that

| Dfz(v1) | ≤
2

β2

(

1 +mC

mC

)

| Dfz(v2) |. (61)

Let w ∈ Cs
fz be a non-zero vector, and let

w1 =
Df−1

fz (w)

| Df−1
fz (w) |

Then, w1 is a unit vector in Cs
z and we have

| Dfz(w1) | ≤ (ms
z)

−1 =
mu

z

ms
zm

u
z

≤ | Dfz(v2) |
ms

zm
u
z

. (62)

Let < w1, v2 >= η. Since Cu, Cs are disjoint cone fields, we have that | η | < 1.
Writing v1 = α1v2 + α2w1, we have the equations

< v1, v2 > = α1 + α2η

< v1, w1 > = α1η + α2

and the inverse equations

(

α1

α2

)

=
1

1 − η2

(

1 −η
−η 1

) (

< v1, v2 >
< v1, w1 >

)

(63)

from which we get
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max(| α1 |, | α2 |) < 2

1 − η2
(64)

Thus,

| Dfz(v1) | ≤ | α1 || Df(v2) | + | α2 || Df(w1) |

≤ 2

1 − η2
(1 +

1

ms
zm

u
z

)| Df(v2) |

≤ 2

1 − cos(ang(Cu
z , Cs

z))2
(1 +

1

mC
)| Dfz(v2) |

=
2

β2

(

1 +
1

mC

)

| Dfz(v2) |

=
2

β2

(

1 +mC

mC

)

| Dfz(v2) |

as required for (61). �

5. Proof of Theorem 2.1. We first need a lemma which we call the Exponential
Increment Lemma. In this paper we only need the special case of the lemma in
which bn = cn for all n. In future applications, however, the lemma will be needed
in a form with bn < cn. Since the proof is practially the same, we present this
slightly more general form here.

Lemma 5.1. (Exponential Increment Lemma). Let (ai), (bi), (ci), i ≥ 0, be
three sequences of positive real numbers.

Assume that

a0 ≤ b0exp(c0), (65)

and

n > 0 =⇒ an ≤ an−1 exp(cn) + bn. (66)

Then, for each n ≥ 0, we have

an ≤
(

n
∑

i=0

bi

)

exp

(

n
∑

i=0

ci

)

. (67)

Proof. By induction on n.
The inequality (67) is true for n = 0. Assume that it holds for n.
Then,
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an+1 ≤ an exp(cn+1) + bn+1

≤
(

n
∑

i=0

bi

)

exp

(

n
∑

i=0

ci

)

exp(cn+1) + bn+1

≤
(

n
∑

i=0

bi

)

exp

(

n+1
∑

i=0

ci

)

+ bn+1

≤
(

n
∑

i=0

bi

)

exp

(

n+1
∑

i=0

ci

)

+ bn+1

(

exp

n+1
∑

i=0

ci

)

≤
(

n+1
∑

i=0

bi

)

exp

(

n+1
∑

i=0

ci

)

.

�

In particular, if

∞
∑

i=0

bi <∞, (68)

and

∞
∑

i=0

ci <∞, (69)

then we have the following upper bound for the sequence (an), n ≥ 0.

an ≤
(

∞
∑

i=0

bi

)

exp

(

∞
∑

i=0

ci

)

. (70)

Moving to the proof of Theorem 2.1, we shall prove the following two separate
statements.

1. There is a constant K2 > 0 such that,

Ψ2(Fn−1, ηn) ≤ K2 (71)

2. There is a constant K3 > 0 such that, for each 1 ≤ i ≤ n,

curv(γi) ≤ K3. (72)

Once (71) and (72) are established, we proceed as follows.
Since each fi is a (Ku

α,Ks
α)−map. and the composition of (R,α)−hyperbolic

maps is again (R,α)−hyperbolic, we have that Fn−1 is a (Ku
α,Ks

α)−map. Thus,
using Proposition 3, we can find a constant C(α) > 0 such that

Ψ1(Fn−1, ηn) ≤ C(α).

By definition, this gives

Ψ(Fn−1, ηn) = Ψ2(Fn−1, ηn) + Ψ1(Fn−1, ηn)curv(ηn)| ηn |
≤ K2 + C(α)K3| Q |
def
= K

as required.
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Let us proceed to prove (71). We will apply Proposition 2 and Lemma 5.1.
For each n ≥ 2, let h = Fn−1, γh = ηn, g = f1, γg = γ1, f = fn−1 ◦ fn−2 ◦ . . . ◦

f2, γf = g(ηn).
Since f and g are (Ku

α,Ks
α)−maps, we have

max(Ψ1(g, γg),Ψ1(f, γf )) ≤ C(α).

Letting | Q | denote the width of Q, we have that | γi | ≤ | Q | for each i, so,
with K4 = K0 + C(α)curv(γg)| Q |, we have

Ψ(g, γg) = Ψ2(g, γg) + Ψ1(g, γg)curv(γg)| γg |
≤ Ψ2(g, γg) + C(α)curv(γg)| Q |
≤ K4.

Hence, using Proposition 2, we have

Ψ2(Fn−1, ηn) = Ψ2(h, γh)

≤ Ψ2(f, γf )exp

(

Ψ(g, γg)
| γh |
| γg |

)

+ C(α)Ψ2(g, γg)
| γh |
| γg |

≤ Ψ2(f, γf )exp

(

K4
| γh |
| γg |

)

+ C(α)K0
| γh |
| γg | . (73)

From the Mean Value Theorem, there is a point τn ∈ γh such that

| γh | =
| γn |

| Jγ
h
Fn(τn) | . (74)

Since, Fn−1 is a composition of n− 1 (R,Ku
α,K

s
α)-hyperbolic maps, we have

1

| Jγ
h
Fn−1(τn) | ≤ R−n+1

u ,

giving

| γh |
| γg | =

| γh |
| γ1 | ≤ R−n+1

u | Q || γ1 |−1
. (75)

Now, for n = 0, 1, 2, set

bn = cn = max(K0, 1) = a0 = a1, (76)

and, for n ≥ 3, set bn = C(α)K0R
−n+1
u | Q || γ1 |−1

and cn = K4R
−n+1
u | Q || γ1 |−1

,
and an−1 = Ψ2(fn−1 ◦ fn−2 . . . ◦ f2).

Then, setting

K2 = (

∞
∑

i=0

bn)exp(

∞
∑

i=0

cn),

and using our definitions and (73), we may apply Lemma (5.1) to give

Ψ2(Fn−1, ηn) ≤ K2

which is (71).
Next, consider statement (72).
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This uses standard graph transform methods as in [3] except that our diffeomor-
phisms have unbounded derivatives. Since the image curves γi have their lengths
bounded below, the methods are entirely similar to those use in the proof of Theo-
rem 6.1 in [6]. So we will not repeat them here.

We do note that similar methods will be used below in the proof of Lemma 6.8
below, a case in which the lengths of the image curves may be short, and must be
included in the estimate for the curvatures.

This completes the proof of Theorem 2.1. �

6. Proof of Theorem 2.2.

6.1. Some simple matrix estimates. We consider the standard matrix norm

| A | = sup
| v |=1

| Av |.

First, we recall the following elementary estimate for the deformation of angles
under linear isomorphisms.

Lemma 6.1. Let A be a 2×2 real matrix, and let u, v be two linearly independent
unit vectors. Then,

| sin(ang(Au,Av)) | =
| detA |

| Au || Av | | sin(ang(u, v)) |. (77)

Proof. Using the standard cross product of planar vectors, we have

| u× v | = | sin(ang(u, v)) |
and

| detA || u× v | = | Au ×Av |
= | Au || Av || sin(ang(Au,Av)) |.

Now, (77) follows immediately. �

Next, we give some norm estimates of the matrix DAz,v,w.

Lemma 6.2. The following estimates involving the affine map Az,v,w are valid.

| DAz,v,w | ≤
√

2

| sin(ang(v, w)) | (78)

and

| DA−1
z,v,w | ≤

√
2. (79)

Proof. We first take the second inequality (79).
Let a = (a1, a2) be a unit vector so that a2

1 + a2
2 = 1. Since v̄, w̄ are unit vectors

and they are the column vectors of DA−1
z,v,w, we have
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| DA−1
z,v,w

(

a1

a2

)

| = | a1v̄ + a2w̄ |

≤ | a1 || v̄ | + | a2 || w̄ |
≤ | a1 | + | a2 |
≤ sup

a2
1
+a2

2
=1

| a1 | + | a2 |

=
√

2

as required.
Next, we proceed to the first inequality.
Writing

v̄ =

(

v1
v2

)

, w̄ =

(

w1

w2

)

we have

DA−1
z,v,w =

(

v1 w1

v2 w2

)

.

Let

B =

(

w2 −w1

−v2 v1

)

,

so that

DAz,v,w =
1

det(DA−1
z,v,w)

B.

Since the columns of the transpose Bt are unit vectors, the argument for (79)

gives that | Bt | ≤
√

2.
Now, (78) follows from the facts that

| det(DA−1
z,v,w) | = | sin(ang(v, w)) |

and

| B | = | Bt |.
�

6.2. Some linear estimates for hyperbolicity. Here we consider some simple
criteria for hyperbolicity which will be useful later. The usual definitions involve
invariance and expansion properties for separated cones as we considered earlier.
In the case of bounded derivatives, it turns out that hyperbolicity is implied by
expansion by the linearization L of a map f on a cone field C and expansion by L−1

on the complementary cone field Cc (so-called co-expansion; e.g., see [9]). In this
section we give a criterion in terms of expansion and co-expansion on cones which
overlap to some extent. This insures that the angles between forward and backward
invariant cone fields are bounded below even if the maps under consideration have
unbounded derivatives.

Let R2 = E1⊕E2 be a direct sum decomposition, and let L : E1⊕E2 → E1⊕E2

be a linear automorphism with matrix
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(

L11 L12

L21 L22

)

. (80)

In this section we use the max norm induced by the decomposition E1 ⊕E2. For
v = (v1, v2) with vi ∈ Ei, set

| v | = | v |max = max(| v1 |, | v2 |).
Given a subset E ⊆ R2, and a real number λ > 1, we say that L | E is

λ−expanding if, for any v ∈ R, | Lv | ≥ λ| v |.
For α > 0, define the cones

Kα(E1, E2) = {v = (v1, v2) : | v2 | ≤ α| v1 |},

Kα(E2, E1) = {v = (v1, v2) : | v1 | ≤ α| v2 |}.
Given 0 < α < 1 and a pair R = (Ru, Rs) of real numbers with Rmin =

min(Ru, Rs) > 1, we say that L is (R,α,E1, E2)−hyperbolic if the following con-
ditions hold.

• L(Kα(E1, E2)) ⊆ Kα(E1, E2),
• L−1(Kα(E2, E1)) ⊆ Kα(E2, E1),
• L | Kα(E1, E2) is Ru−expanding, and
• L−1 | Kα(E2, E1) is Rs-expanding

Let J = | L11L22 − L12L21 | denote the absolute value of the determinant of L.
The next proposition gives a simple and useful criterion for hyperboliciity.

Proposition 4. Let 0 < α < 1, R = (Ru, Rs) be such that Rmin > 1, and let
L, E1, E2 be as above. A sufficient condition for L to be (R,α,E1, E2)−hyperbolic
is that

L | K 1

α
(E1, E2) is Ru − expanding and L−1 | K 1

α
(E2, E1) is Rs − expanding.

(81)
These conditions will be satisfied provided that

α| L11 | − | L12 | ≥ Ru (82)

and

α| L11 | − | L21 | ≥ JRs. (83)

Proof. Assume that (81) holds.
Since Kα(E1, E2) ⊂ K 1

α
(E1, E2) and Kα(E2, E1) ⊂ K 1

α
(E2, E1), it is enough

to prove that

Kα(E1, E2) is L− invariant, (84)

and

Kα(E2, E1) is L−1 − invariant. (85)

To prove (84), we observe that if v ∈ Kα(E1, E2) and Lv /∈ Kα(E1, E2), then
v 6= 0 and Lv ∈ K 1

α
(E2, E1). Thus, we have
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| Lv | ≥ Ru| v | = Ru| L−1Lv | ≥ RuRs| Lv |.
Since RuRs > 1 this gives the contradiction | Lv | > | Lv |.
Repeating the argument with L−1 instead of L gives (85).
Now, assume that (82) holds.

If v = (v1, v2) ∈ K 1

α
(E1, E2), then | v2 | ≤ | v1 |

α , so

| v |max ≤ | v1 |
α

.

Hence,

| Lv |max ≥ | L11v1 + L12v2 |

≥ α| L11 | | v1 |
α

− | L12 || v2 |

≥ α| L11 | | v1 |
α

− | L12 | | v1 |
α

≥ Ru

| v1 |
α

≥ Ru| v |max

which is the first half of the hyperbolicity conditions.
Now, the inverse matrix of L is

1

L11L22 − L12L21

(

L22 −L12

−L21 L11

)

(86)

If v = (v1, v2) ∈ K 1

α
(E2, E1), then | v1 | ≤ | v2 |

α , so

| v |max ≤ | v2 |
α

.

Hence,

| L−1v |max ≥ 1

J
| −L21v1 + L11v2 |

≥ 1

J
(α| L11 | − | L21 |) | v2 |

α

≥ JRs

J

| v2 |
α

≥ Rs| v |max

as required. �

6.3. Distortion for compositions of maps with diagonal Jacobian matrices.
The first step toward our proof of Theorem 2.2 involves controlling the quantities
Θ(h),Θ2(h) where h = f ◦ g provided that f, g satisfy certain cone conditions
and have Jacobian matrices which are diagonal at certain points. This simplifies
calculations of the second order partial derivatives of the composition h = f ◦ g.
Once we have done these calculations we will apply them to the general case of the
theorem.

Throughout this section, for v = (v1, v2), we use the maximum norm
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| v |max = max(| v1 |, | v2 |)
and its induced norm on linear transformations

| L | = sup
| v |

max
=1

| Lv |max.

Given a map f = (f1(x, y), f2(x, y)), defined on a set E, a point z ∈ E, and a
C2 curve γ ⊂ E with z ∈ γ, set

Φ11(z, f, γ) = max
i=1,2

{ | fixx(z) |
| f1x(z) | | γ |

}

Φ12(z, f, γ) = max
i=1,2

{ | fixy(z) |
| f1x(z) | | γ |

}

Φ22(z, f, γ) = max
i=1,2

{ | fiyy(z) |
| f1x(z) | | γ |

}

Φ(z, f, γ) = max(Φ11(z, f, γ),Φ12(z, f, γ),Φ22(z, f, γ), )

Φ2(z, f, γ) = max(Φ12(z, f, γ),Φ22(z, f, γ), )

For any diffeomorphism φ defined at a point z, set

ǫ22(φ) = ǫ22(φ, z) =
1

| Dφz || Dφ−1
z |

, . (87)

Observe that we always have

ǫ22(φ) ≤ 1. (88)

In addition, if the Jacobian matrix Dφz is diagonal, and

Dφz =

(

φ1x(z) 0
0 φ2y(z)

)

with 0 < | φ2y(z) | ≤ | φ1x(z) |,

then

ǫ22(φ, z) =
| φ2y(z) |
| φ1x(z) | . (89)

Lemma 6.3. Let f : Ef → E′
f , g : Eg → E′

g be C2 diffeomorphisms of rect-

angles such that g Markov precedes f (i.e., f ≻ g), and let h = f ◦ g and
Eh = g−1(E′

g

⋂

Ef ). Let z ∈ Eh be a point such that Dgz and Dfgz have di-
agonal matrices such that

| f2y(gz) | ≤ | f1x(gz) | and | g2y(z) | ≤ | g1x(z) |. (90)

Assume that the straight line through z meets Eg in a full-width Eg−curve γg,
and consider the associated curves γh = γg

⋂

Eh, γf = g(γg)
⋂

Ef .
Then,

Φ(z, h, γh) ≤ Φ(gz, f, γf )exp

(

Ψ2(g, γg)
| γh |
| γg |

)

+ Φ(z, g, γg)
| γh |
| γg | (91)

and
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Φ2(z, h, γh) ≤ Φ2(gz, f, γf )ǫ22(g, z)exp

(

Ψ2(g, γg)
| γh |
| γg |

)

+ Φ2(z, g, γg)
| γh |
| γg | . (92)

Proof. Suppose f = (f1, f2), g = (g1, g2), h = (h1, h2).
Then,

g1y(z) = g2x(z) = f1y(gz) = f2x(gz) = 0 (93)

and,

| f1x(gz) | > 0, | g1x(z) | > 0 (94)

From conditions (90), (93), and (94), we have

ǫ22(f) = ǫ22(f, gz) =
| f2y(gz) |
| f1x(gz) | , ǫ22(g) = ǫ22(g, z) =

| g2y(z) |
| g1x(z) | .

In the following, all partial derivatives of g are at the point z, and all partial
derivatives of f are at gz = g(z).

By the Chain Rule for partial derivatives, we have the following formulas for
i = 1, 2

h
ix

= f
ix
g

1x
+ f

iy
g

2x
; h

iy
= f

ix
g

1y
+ f

iy
g

2y
(95)

h
ixx

= f
ixx
g2

1x
+ f

ixy
g

2x
g

1x
+ f

iyx
g

1x
g

2x
+ f

iyy
g2

2x
(96)

+ f
ix
g

1xx
+ f

iy
g

2xx

h
ixy

= f
ixx
g

1y
g

1x
+ f

ixy
g

2y
g

1x
+ f

iyx
g

1y
g

2x
+ f

iyy
g

2y
g

2x
(97)

+ f
ix
g

1xy
+ f

iy
g

2xy

h
iyy

= f
ixx
g2

1y
+ f

ixy
g

2y
g

1y
+ +f

iyx
g

1y
g

2y
+ f

iyy
g2

2y
(98)

+ f
ix
g

1yy
+ f

iy
g

2yy

Using (93), we get

h
1x

= f
1x
g

1x
(99)

h
ixx

= f
ixx
g2

1x
+ f

ix
g

1xx
+ f

iy
g

2xx
(100)

h
ixy

= f
ixy
g

2y
g

1x
+ f

ix
g

1xy
+ f

iy
g

2xy
(101)

h
iyy

= f
iyy
g2

2y
+ f

ix
g

1yy
+ f

iy
g

2yy
(102)

and,

∣

∣

∣

∣

hixx

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

fixx

f1x

g1x

∣

∣

∣

∣

+
| g1xx |
| g1x | + ǫ22(f)

| g2xx |
| g1x |
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∣

∣

∣

∣

hixy

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

fixy

f1x

∣

∣

∣

∣

ǫ22(g)| g1x | + | g1xy |
| g1x | + ǫ22(f)

| g2xy |
| g1x |

∣

∣

∣

∣

hiyy

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

fiyy

f1x

∣

∣

∣

∣

ǫ22(g)
2| g1x | + | g1yy |

| g1x | + ǫ22(f)
| g2yy |
| g1x |

Writing these estimates for each i separately, we get

∣

∣

∣

∣

h1xx

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

f1xx

f1x

g1x

∣

∣

∣

∣

+
| g1xx |
| g1x |

∣

∣

∣

∣

h2xx

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

f2xx

f1x

g1x

∣

∣

∣

∣

+ ǫ22(f)
| g2xx |
| g1x |

∣

∣

∣

∣

h1xy

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

f1xy

f1x

∣

∣

∣

∣

ǫ22(g)| g1x | + | g1xy |
| g1x |

∣

∣

∣

∣

h2xy

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

f2xy

f1x

∣

∣

∣

∣

ǫ22(g)| g1x | + ǫ22(f)
| g2xy |
| g1x |

∣

∣

∣

∣

h1yy

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

f1yy

f1x

∣

∣

∣

∣

ǫ22(g)
2| g1x | + | g1yy |

| g1x |
∣

∣

∣

∣

h2yy

h1x

∣

∣

∣

∣

≤
∣

∣

∣

∣

f2yy

f1x

∣

∣

∣

∣

ǫ22(g)
2| g1x | + ǫ22(f)

| g2yy |
| g1x |

Since ǫ22(f) ≤ 1, we get

Φ11(h, γh) ≤ Φ11(f, γf )| g1x | | γh |
| γf | + Φ11(g, γg)

| γh |
| γg |

Φ12(h, γh) ≤ Φ12(f, γf )ǫ22(g)| g1x | | γh |
| γf | + Φ12(g, γg)

| γh |
| γg |

Φ22(h, γh) ≤ Φ22(f, γf )ǫ22(g)
2| g1x | | γh |

| γf | + Φ22(g, γg)
| γh |
| γg | (103)

Now

| γh | =
| γf |

| Dgz1
(vz1

) | (104)

for some z1 ∈ γh where vz1
denotes the unit tangent vector to γg at z1.

By Proposition 1, and the fact that γg is a line segment, we get

| g1x(z) || γh |
| γf | ≤ exp(Ψ2(g, γg)

| γh |
| γg | ). (105)

Again using ǫ22(f), ǫ22(g) ≤ 1, we get

Φ(z, h, γh) ≤ Φ(gz, f, γf )exp

(

Ψ2(g, γg)
| γh |
| γg |

)

+ Φ(z, g, γg)
| γh |
| γg | (106)
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and

Φ2(z, h, γh) ≤ Φ2(gz, f, γf )ǫ22(g, z)exp

(

Ψ2(g, γg)
| γh |
| γg |

)

+ Φ2(z, g, γg)
| γh |
| γg | . (107)

This completes the proof of Lemma 6.3. �

6.4. Distortion for compositions of hyperbolic and parabolic maps. Here
we proceed to the proof of Theorem 2.2. This is the main technical result of the
present paper. The proof involves several detailed estimates and will take some
time.

In the sequel, we will use K,Ki (i > 0) to denote various constants which are
defined in the equations where they first appear, and C(α) denotes various constants
which depend explicitly on α.

We first consider an (R,α)−hyperbolic map f : Ef → E′
f and a point z0 ∈ Ef .

The next lemma is standard. We give the easy proof for completeness. Following
common usage, we identify all tangent spaces at R2 with each other by translation.

Lemma 6.4. There is a direct sum decomposition R2 = Eu
0 ⊕ Es

0 such that

Dfz0
(Eu

0 ) = Eu
0 , Dfz0

(Es
0) = Es

0 , (108)

| Dfz0
| Eu

0 | ≥ Ru, (109)

and

| Dfz0
| Es

0 | ≤ R−1
s . (110)

Proof. Let L = Dfz0
, and let Hi denote the one dimensional subspace of multiples

of the unit basis vector ei for i = 1, 2. Here e1 =

(

1
0

)

, e2 =

(

0
1

)

.

For n > 0, let

En = L−nH2.

Then, clearly, En ∈ Ks
α for each n > 0.

We claim

lim
n→∞

En = Es (111)

exists in the sense of Grassman convergence of one dimensional subspaces of R2.
Indeed, since the Grassmann space is compact, the sequence E1, E2, . . . has con-

vergent subsequences. Suppose, by way of contradiction, that the limit (111) does
not exist.

Then, there are different subsequential limits Ea, Eb of E1, E2, . . ..
Now, both of the lines Ea, Eb are in Ks

α, so they are linear complementary
subspaces to the space H1 of real multiples of e1.

As above, let Rmin = min(Ru, Rs) > 1.
Further, R2 = H1 ⊕ Ea, so if ξ ∈ Eb is a unit vector such that

ξ = ξ0 + ξ1
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and ξ0 ∈ H1, ξ1 ∈ Ea, then, for each n ≥ 1,

| Lnξ | ≤ R−n
s , .

and

ξ0 6= 0. (112)

Hence, for each n ≥ 0, we have

R−n
s ≥ | Lnξ |

= | Lnξ0 + Lnξ1 |
≥ | Lnξ0 | − | Lnξ1 |
≥ Rn

u| ξ0 | −R−n
s | ξ1 |.

This is impossible for large n > 0, using (112) and Rmin > 1.
Now, taking Es

0 = Es, and applying the previous argument to subspaces in
L−nKs

α, we actually have

⋂

n≥1

L−nKs
α = Es

0 ,

so

L(Es
0) = Es

0 ,

and

v ∈ Es
0 =⇒ | Lv | ≤ R−1

s | v |.
Similarly,

lim
n→∞

LnH1
def
= Eu

0 =
⋂

n≥1

LnKu
α

exists, and satisfies

L(Eu
0 ) = Eu

0 ,

and

v ∈ Eu
0 =⇒ | Lv | ≥ Ru| v |.

�

Next, we take another point z1 ∈ Ef , and consider the splitting R2 = Eu
1 ⊕ Es

1

such that Eu
1 ⊂ Ku

α, E
s
1 ⊂ Ks

α, and

Dfz1
(Eu

1 ) = Eu
1 , Dfz1

(Es
1) = Es

1 .

Letting distGr(E0, E1) denote the distance in the Grassmann space, we wish to
consider how small distGr(E

u
0 , E

u
1 ) and distGr(E

s
0 , E

s
1) are.

For this purpose, it is convenient to use the graph transform techniques of Hirsch
and Pugh in [3] to express the subspaces Eu

i , E
s
i as graphs of linear mappings

Pu
i : H1 → H2, P

s
i : H2 → H1, respectively. Then, under appropriate assumptions

on Dfzi
, we can obtain Pu

i , P
s
i via the contraction mapping theorem. This allows

us to get an estimate for the above Grassmann distances in terms of the distortion
of f on Ef and the distance between z0 and z1.
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For ease of notation, let us consider z = zi for i = 1, 2 and

Dfz =

(

A B
C D

)

.

For Eu
z we look for a linear map P : H1 → H2 such that for each u ∈ H1 there

is a vector v ∈ H1 such that

(

A B
C D

) (

u
Pu

)

=

(

v
Pv

)

.

This gives us the equations

(A+BP )u = v

(C +DP )u = Pv,

or, as functions of u,

C +DP = P (A+BP ).

This is equivalent to

CA−1 +DPA−1 − PBPA−1 = P.

Thus, we get the fixed point problem

Γu(P ) = P (113)

with Γu(P ) = CA−1 +DPA−1 − PBPA−1.
Using Hirsch-Pugh, we get that Γu is a contraction map with Lipschitz constant

bounded by ρ < 1 on the space of linear maps P with | P | ≤ 1, provided that

| CA−1 | + | D || A−1 | + | B || A−1 | ≤ 1 (114)

and

| D || A−1 | + 2| B || A−1 | ≤ ρ < 1. (115)

The invariant space Eu
z is the fixed point Pu

z of the map Γu.
Analgously, for Es

z we look for P : H2 → H1, such that

(

A B
C D

) (

Pu
u

)

=

(

Pv
v

)

,

leading us to

Γs(P ) = P. (116)

with

Γs(P ) = A−1PCP +A−1PD −A−1B.

We have Γs is a contraction on the set of P ′s with norm no larger than 1 if

| A−1 || C | + | A−1 || D | + | A−1B | ≤ 1, (117)

and

| D || A−1 | + 2| C || A−1 | = ρ. (118)
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The invariant space Es
z is the graph of the linear map P s

z which is the fixed point
of Γs.

Applying these estimates to our situation, it suffices to have

| f1y | + | f2x | + | f2y | ≤ | f1x |, (119)

| f2y | + 2 max(| f1y |, | f2x |) ≤ ρ| f1x |. (120)

Now, since f is (R,α)−hyperbolic, we have

max(| f1y |, | f2x |) ≤ α| f1x |.

Further, using Jf = | f1xf2y − f1yf2x |, (25), and our assumption that α < 1
3 ,

we have

| f2y |
| f1x | + 2α ≤ Jf

| f1x |2
+ α2 + 2α

<
8

9
,

and, taking ρ = 8
9 , we get both (119) and (120).

Next, we recall a simple estimate for the distance between fixed points of con-
traction maps T0, T1 on the same space, both having contraction constants no larger
than ρ < 1.

Indeed, if T0(x0) = x0, T1(x1) = x1, then

d(x0, x1) = d(T0(x0), T1(x1))

≤ d(T0(x0), T0(x1)) + d(T0(x1), T1(x1))

≤ ρd(x0, x1)) + d(T0(x1), T1(x1)).

which gives

d(x0, x1) ≤
d(T0(x1), T1(x1))

1 − ρ
=
d(T0(x1), x1)

1 − ρ
. (121)

Using this and setting P s
z0

= P0, P
s
z1

= P1, let us estimate

| P0 − P1 |.

The final estimate appears in (124) below.
Writing

Dfz0
=

(

A0 B0

C0 D0

)

, Dfz1
=

(

A1 B1

C1 D1

)

,

and the corresponding graph transforms as Γs
0,Γ

s
1, since | P1 | ≤ 1, we have
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| P0 − P1 | ≤ 1

1 − ρ
| Γ1(P1) − Γ0(P1) | (122)

=
1

1 − ρ
| A−1

1 P1C1P1 +A−1
1 P1D1 −A−1

1 B1

− A−1
0 P1C0P1 −A−1

0 P1D0 +A−1
0 B0 |

≤ 1

1 − ρ

(

| A−1
1 −A−1

0 || C1 | + | A−1
0 || C1 − C0 |

+| A−1
1 −A−1

0 || D1 | + | A−1
0 || D1 −D0 |

+ | A−1
1 −A−1

0 || B1 | + | A−1
0 || B1 −B0 |

)

.

Let us first estimate the quantity | A−1
1 −A−1

0 || C1 |.
For two points z, w, let [z, w] denote the line segment joining z to w. Let

projvert(E) denote the projection of a set E onto the vertical axis.
We wish to use the Mean Value Theorem on the difference | A−1

1 −A−1
0 |, but the

line segment [z0, z1] may not be completely contained in Ef . So, we approximate
this line segment with a polygonal line which is in Ef and use the Mean Value
Theorem on each smooth piece. Let π1(x, y) = x, π2(x, y) = y be the natural
projections in R2. Since Ef is admissible, its left and right boundary curves are
Ks
α−curves. Hence, we may find a sequence t0, t1, . . . , tn of points such that

t0 = z0, tn = z1, [ti, ti+1] ⊂ Ef ∀ i,

each [ti, ti+1] is a horizontal or vertical line segment ,

n−1
∑

i=0

| ti+1 − ti | ≤ (1 + α)| z1 − z0 |,

and the polygonal curve γ[z0, z1]
def
=
⋃

i[ti, ti+1] meets the same Ef -horizontal line
segments as the line [z0, z1]. That is, π2(

⋃

i[ti, ti+1]) = π2([z0, z1]).
Let γη = γf,η denote the Ef -horizontal line through a point η ∈ Ef .

Write D2f(η) = max(| f1xx(η) |, | f1xy(η) |).
Since f is (R,α)−hyperbolic, we have

| f2x(z1) |
| f1x(z1) |

≤ α

for each z1 ∈ Ef .
Then, the Mean Value Theorem gives some points ηi ∈ [ti+1, ti] such that

| A−1
1 −A−1

0 || C1 |
= | 1

| f1x(z0) | −
1

| f1x(z1) | || f2x(z1) |

≤ | f1x(z1) − f1x(z0) |
| f1x(z0)f1x(z1) |

| f2x(z1) |

≤ α
n−1
∑

i=0

D2f(ηi)

| f1x(z0) |
| ti+1 − ti |
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= α
n−1
∑

i=0

D2f(ηi)| γηi
|

| f1x(ηi) |
| f1x(ηi) |
| f1x(z0) |

| ti+1 − ti |
| γηi

|

≤
(

α

1 + α

)(

max
η∈
⋃

i[ti+1,ti]
Θ(f, γη)

)(

max
i

| f1x(ηi) |
| f1x(z0) |

)

d(z0, z1)

wf (z0, z1)
.

Here wf (z0, z1) = wf (z0, γ[z0, z1]) is the minimum length of Ef−horizontal line
segments meeting γ[z0, z1].

Using subpolygonal lines in
⋃

i[ti+1, ti], and the Mean Value Theorem on the

quantities log
| f1x(ηi) |
| f1x(z0) | , we get

max
i

| f1x(ηi) |
| f1x(z0) |

≤ exp

((

α

1 + α

)

d(z0, z1)

wf (z0, z1)
max

η∈
⋃

i
[ti+1,ti]

Θ(f, γη)

)

for each i.
Writing Θ(f) for maxη∈

⋃

i
[ti+1,ti] Θ(f, γη), we obtain

| A−1
1 −A−1

0 || C1 | ≤ K1Θ(f)
d(z0, z1)

wf (z0, z1)
exp(K1Θ(f)

d(z0, z1)

wf (z0, z1)
). (123)

The other estimates in (122) are similar, so we finally obtain

| P s
0 − P s

1 | ≤ K1Θ(f)
d(z0, z1)

wf (z0, z1)
exp(K1Θ(f)

d(z0, z1)

wf (z0, z1)
). (124)

We consider admissible rectangles Ef , Eg,W , a pair f : Ef → E′
f , g : Eg → E′

g

of (R,α)− hyperbolic maps, a parabolic map p : E′
g →W , and a map h : Eh → E′

h

as in the statement of Theorem 2.2.
Proof that h is (R,α)−hyperbolic:
Let z0 ∈ Eh ⊆ Eg, z1 = g(z0), z2 = p(z1), z3 = f(z2) = h(z0).
Using Proposition 4, it suffices to show

v ∈ Ku
1

α
=⇒ | Dhz0

(v) | ≥ Ru| v |, (125)

and

v ∈ Ks
1

α
=⇒ | Dh−1

z3
(v) | ≥ Rs| v |. (126)

Proof of (125): Let v = v0 be a unit vector in Ku
1

α
, let γ0 denote the Eg−horizontal

line segment through z0, and let γ1 = g(γ0), γ2 = p(γ1). Let z1 = g(z0), z2 =
p(z1), z3 = f(z2) = h(z0).

Let

v1 =
Dgz0

(v0)

| Dgz0
(v0) |

, v2 =
Dpz1

(v1)

| Dpz1
(v1) |

Let ℓv = ℓv(z) denote the principal vertical line segment associated to z3 in E′
f ,

and let ℓ−1
v be the principal vertical curve at z2 in Ef . Let ξ2 be the point in

γ2

⋂

ℓ−1
v such that ξ1

def
= p−1(ξ2) is closest to z1. For a curve γ and a point z ∈ γ,

let z denote the unit tangent vector to γ at z.
Let z1 be the unit tangent vector to γ1 at z1, ξ2 be the unit tangent vector to

γ2 at ξ2, and uv be the unit tangent vector to ℓ−1
v at ξ2.
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By Lemma 6.4, we have invariant splittings Eu
z2
⊕Es

z2
, Eu

ξ2
⊕Es

ξ2
for Dfz2

, Dfξ2
,

repectively. Accordingly, there are unit vectors vs
2, v

u
2 at z2 and ws

2, w
u
2 at ξ2, and

constants βs
2, β

u
2 , η

s
2, η

u
2 such that

Dfz2
(vs

2) = βs
2v

s
2, Dfz2

(vu
2 ) = βu

2v
u
2 ,

Dfξ2
(ws

2) = ηs
2w

s
2, Dfξ2

(wu
2 ) = ηu

2w
u
2 ,

max(ηs
i , β

s
i ) <

1

Rs

, min(ηu
i , β

u
i ) > Ru.

In the following we use the fact that for unit vectors v, w with

−π
4
≤ β

def
= ang(v, w) <

π

4
,

we have

| β | ∼ | sin(β) | ∼ | tan(β) | ∼ | v − w |.
For ease of notation, let us write

a(v, w) = | sin(ang(v, w)) | ∼ | tan(ang(v, w)) |
We will alternately think of a(v, w) as | tan(ang(v, w)) | and | sin(ang(v, w)) |.

This allows us to avoid putting extra constants into inequalities which are already
too cluttered.

Replacing v1 by its negative, we may assume that | ang(v1, z1) | ≤ π
2 .

Since g is (R,α)−hyperbolic we have that

a(v1, z1) ≤ C(α)(RuRs)
−1,

which implies that

| v2 − z2 | ∼ a(v2, z2) ≤ C(p)a(v1, z1) ≤ C(p)C(α)(RuRs)
−1,

Further, since f is (R,α)−hyperbolic we have

| uv − ws
2 | ≤ C(α)(RuRs)

−1.

Hence, we have

| v2 − vs
2 | = | v2 − z2 + z2 − ξ2 + ξ2 − uv

+uv − ws
2 + ws

2 − vs
2 |

≥ | ξ2 − uv | − | v2 − z2 | − | z2 − ξ2 | − | uv − ws
2 | − | ws

2 − vs
2 |

≥ K ang − C(α)C(p)(RuRs)
−1 −K2| z2 − ξ2 |

−C(α)(RuRs)
−1 − | ws

2 − vs
2 |, (127)

where the constant K2 is related to the curvature of g(γg).
In addition, from (124) we get

| ws
2 − vs

2 | ≤ K1Θ(f)
d(z2, ξ2)

wf (z2, ξ2)
exp

(

K1Θ(f)
d(z2, ξ2)

wf (z2, ξ2)

)

. (128)

Therefore, using our assumptions (28), (29), (30), and
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d(z2, ξ2)

wf (z2, ξ2)
=
ρh(z2)

wf (z2)
< ǫ0 ang,

we have

C(α)C(p)(RuRs)
−1 + C(p)ǫ0 ang +K2| z2 − ξ2 | + C(α)(RuRs)

−1 + | ws
2 − vs

2 |
(129)

is small relative to ang provided ǫ0 and C−1
0 are small enough.

Remark In order to get | ws
2 − vs

2 | small, we are using that the right side of (128)

is small. Thus, the smallness of ǫ0 is related to controlling Θ(f). These estimates
are needed to keep our initial map vertical curvature estimates small relative the
the parabolic curvature.

Thus, for suitably small max(ǫ0, C
−1
0 ), we get

a(v2, v
s
2) ∼ | v2 − vs

2 | ≥ K ang

2
. (130)

Since f is (R,α)−hyperbolic, we have

| Dfz2
(v2) | ≥ Ru a(v2, v

s
2) ≥ Ru

K ang

2
.

Hence, taking C0 >
2
K

, and using (30) and the inequality | Dgz0
(v0) | ≥ Ru, we

get

| Dhz0
(v0) | ≥ R2

u

K ang

2
≥ Ru.

This proves (125).
Proof of (126): We will make use of the objects v1, v

s
2, v2 of the previous proof.

Let v be a unit vector in Ks
1

α
at z3, and let

v−1 = D(f−1)z3
(v), v−2 = D(p−1)z2

(v−1), v−3 = D(g−1)z1
(v−2).

We wish to prove

| v−3 | ≥ Rs. (131)

Using Lemma 6.4 there are vectors vs
0, v

u
0 at z0 and constants βs

0, β
u
0 such that

Dgz0
(vs

0) = βs
0v

s
0, Dgz0

(vu
0 ) = βu

0v
u
0 ,

βs
0 < R−1

s , βu
0 > Ru.

By (R,α)−hyperbolicity of f and g we have

| v−3 | ≥ Rs a(v
u
0 , v−2)| v−2 |

≥ Rs a(v
u
0 , v−2)C(p)| v−1 |

≥ Rs a(v
u
0 , v−2)C(p)| D(f−1)z3

v |
≥ R2

s a(v
u
0 , v−2)C(p)

so, it suffices to prove that
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Rs a(v
u
0 , v−2)C(p) > 1. (132)

If we show that

a(vu
0 , v−2) > K ang (133)

for some constant K > 0, then (30) implies (132) provided

C0 ≥ 1

KC(p)
.

From (130), we have

a(vu
0 , v−2) ∼ | vu

0 − v−2 |
≥ | v−2 − v1 | − | v1 − vu

0 |
≥ | v−2 − v1 | − C(α)(RuRs)

−1

≥ C(p)| v−1 − v2 | − C(α)(RuRs)
−1

≥ C(p)(| vs
2 − v2 | − | vs

2 − v−1 |) − C(α)(RuRs)
−1

≥ C(p)(| vs
2 − v2 | − C(α)(RuRs)

−1) − C(α)(RuRs)
−1

≥ C(p)(K
ang

2
− C(α)(RuRs)

−1) − C(α)(RuRs)
−1,

so, (133) follows for a possibly different value of K.
This completes the proof that h is (R,α)−hyperbolic.
Next, we move to the

Verification of estimates (34) and (35):

We have z1 = g(z0), z2 = p(z1), z3 = f(z2). Let v0 = ±
(

1
0

)

be a horizontal

unit tangent vector at z0 and let w3 be a unit vector in Ks
α(z3). Set v1 =

Dgz0
(v0), v2 = Dpz1

(v1), v3 = Dfz2
(v2). Similarly, let w2 = Df−1(w3), w1 =

Dp−1(w2), w0 = Dg−1(w1). Let γg be the Eg−horizontal line segment through z0,
and let ℓ3 be the principal vertical line associated to z3.

Let γ′g = g(γg), γ
′′
g = p(γ′g), ℓ

−1
3 = f−1(ℓ3). Let w̄1 be the unit normal vector to

v1 at z1 , let v̄2 be the unit normal to w2 at the point z2, and let

v̄3 =
Df(v̄2)

| Df(v̄2) |
, w̄0 =

Dg−1w̄1

| Dg−1w̄1 | .

For two non-collinear vectors v, w, recall that a(v, w) denotes | sin(ang(v, w)) |
where ang(v, w) is the angle between v and w. Let γf be the Ef−horizontal line
segment through z2.

Figures 2 and 3 show some of these objects.
We will write Θ(g) for Θ(g, γg), Θ(f) for Θ(f, γf ) etc., and we let Sg denote the

image of g.
From (29), we may assume that

curv(ℓ−1
3 ) < ǫ0 mincurv(γ

′′
g) < K3 (134)

Also, assume that the C2 size of p is bounded above by K4.
Consider the maps h = f ◦ p ◦ g and h̃ = Az3,v3,w3

◦ h ◦A−1
z0,v0,w0

.
Note that the expressions (34) and (35) give upper bounds for the quantities

Θ(h),Θ2(h) in terms of Θ(f),Θ2(f),Θ(g),Θ2(g), and ang. The only explicit effect
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Figure 2.
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of p in these expressions is in the angle term ang. The other effects of the 2-jet of
p are absorbed in the constants K1 and C0.

The quantities Θ(h),Θ2(h) are obtained by taking the supremum of Φ(h̃) and

Φ2(h̃) as w3 varies.
Accordingly, we will first estimate Φ(h),Φ2(h) in terms of Θ(f),Θ2(f),Θ(g),Θ2(g),

and certain quantities associated with p. For this purpose, we will use various affine
maps to represent h̃ as a composition of maps to which we can apply Lemma 6.3.
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Once these estimates are obtained, we obtain Theorem 2.2 taking the already indi-
cated supremum.

Consider

h̃ = Az3,v3,w3
◦ h ◦A−1

z0,v0,w0

= Az3,v3,w3
◦ f ◦ p ◦ g ◦A−1

z0,v0,w0

= B1 ◦ f̃ ◦ p̃ ◦B2 ◦ g̃ ◦B3

where

B1 = Az3,v3,w3
◦A−1

z3,v̄3,w3

B2 = Az1,v1,w1
◦A−1

z1,v1,w̄1

B3 = Az0,v0,w̄0
◦A−1

z0,v0,w0

f̃ = Az3,v̄3,w3
◦ f ◦A−1

z2,v̄2,w2

p̃ = Az2,v̄2,w2
◦ p ◦A−1

z1,v1,w1

g̃ = Az1,v1,w̄1
◦ g ◦A−1

z0,v0,w̄0

Thus,

h̃ = F ◦G
where

F = B1 ◦ f̃ ◦ p̃, G = B2 ◦ g̃ ◦B3

Let us express the various quantities γg, γf , γh in the new affine coordinates as
follows.

Set γ g̃ = Az0,v0,w̄0
(γg), γh̃ = Az0,v0,w0

(γh), γG = B−1
3 γg̃ = Az0,v0,w0

(γg),
γf̃ = Az2,v̄2,w2

(γf ), γF = γf̃ p̃ = G(γh̃).
Note that γg̃, γG, and γ f̃ are line segments.
We wish to apply Lemma 6.3 to F and G.
It is easy to see that DFGz0

and DGz0
are diagonal matrices, so (93) and (94)

hold. We now proceed to show that the analog of (90) also holds.
First we give some estimates involving the various objects we have defined above.

Lemma 6.5. Let I denote the identity matrix. The matrices DBi satisfy

| I −DB1 | ≤ 2
a(v̄3, v3)

a(v3, w3)
(135)

| I −DB2 | ≤ 2
a(w̄1, w1)

a(v1, w1)
(136)

| I −DB3 | ≤ 2
a(w̄0, w0)

a(v0, w̄0)
(137)
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Proof. Let

u =

(

u1

u2

)

, v =

(

v1
v2

)

, w =

(

w1

w2

)

be three unit vectors which are pairwise linearly independent, and let β(u, v) denote
the absolute value of the angle between u and v, so that

u = eiβ(u,v)v and set a(u, v) = | sin(β(u, v)) |.
Consider the matrix

DAz,u,w ◦DA−1
z,v,w.

We have

DAz,u,w =
±1

a(u,w)

(

w2 −w1

−u2 u1

)

and

DA−1
z,v,w =

(

v1 w1

v2 w2

)

.

Thus, assuming β(u, v) ≤ π
2 , we have

| I −DAz,u,w ◦DA−1
z,v,w | = | DAz,u,w(DA−1

z,u,w −DA−1
z,v,w) |

≤ | DAz,u,w || u− v |

≤ | u− v |
a(u,w)

=
| eiβ(u,v) − 1 |

a(u,w)

=

√

2(1 − cos(β(u, v))

a(u,w)

≤ β(u, v)

a(u,w)

≤ 2
a(u, v)

a(u,w)
.

Similarly,

| I −DAz,u,v ◦DA−1
z,u,w | ≤ 2

a(v, w)

a(u, v)
.

Now the required estimates of the lemma follow by direct substitution. �

Lemma 6.6. Use c ∼ d to mean the quotient c
d

is bounded above and below by
uniform constants. For any ǫ0 > 0 there is a K0 > 0 such that if

RuRs ang > K0, (138)

then

a(v1, w1) ∼ | p̃1x | (139)
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a(v3, v̄3) ∼
Jf̃

| f̃2
1xp̃1x |

< ǫ0 (140)

a(w0, w̄0) ∼
Jg̃

| g̃2
1xp̃1x | < ǫ0, (141)

and

| G1x | = | g̃1x |. (142)

Proof. Let

ŵ2 =
w2

| w2 | ,

and write v2 = av̄2 + bŵ2.
From the definitions, we have

DAz2,v̄2,w2
(v̄2) = e1, DAz2,v̄2,w2

(ŵ2) = e2

and

Dp(z1)(v1) = v2.

So, with

e1 =

(

1
0

)

,

we have

(

p̃1x(z1)
p̃2x(z1)

)

= Dp̃(e1)

= DAz2,v̄2,w2
◦Dp ◦DA−1

z1,v1,w1
(e1)

= DAz2,v̄2,w2
(v2)

= aDAz2,v̄2,w2
(v̄2) + bDAz2,v̄2,w2

(ŵ2)

=

(

a
b

)

.

So, p̃1x(z1) = a.
Since we have uniform bounds above and below for Dp, we have

| p̃1x(z1) | ∼ ang ∼ | ang(v2, w2) | ∼ | ang(v1, w1) | ∼ a(v1, w1). (143)

giving (139).

Next, since Df̃ is a diagonal matrix, and

max(| DAz3,v̄3,w3
|, | DAz2,v̄2,w2

|) ≤
√

2

C(α)
,

we have
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ang(v3, v̄3) = ang(Df(v2), Df(v̄2))

∼ | tan(ang(Df̃(v2), Df̃(v̄2))) |

=
| f̃2y |
| f̃1x |

| tan(ang(v2, v̄2)) |

=
| f̃2y |
| f̃1x |

1

| tan(ang(v2, w2)) |

∼ | f̃2y |
| f̃1x |

1

| p̃1x |

=
Jf̃

| f̃2
1xp̃1x |

.

Since f is (R,Ku
α,K

s
α)−hyperbolic, we have

| f̃2y |
| f̃1x |

≤ (RuRs)
−1. (144)

So, we get (140) provided that K0 is large enough.

The estimate (141) follows in a similar manner replacing f̃ by g̃−1 and using the
fact that

Jg̃

| g̃1x |2
∼ J(g̃)−1

| D(g̃)−1 |2
.

Now, Dg̃ is also diagonal, so, for some constants a, b, a1, b1, we have

DG = DB2 ◦Dg̃ ◦DB3

=

(

1 a
0 b

) (

g̃1x 0
0 g̃2y

) (

1 a1

0 b1

)

which implies (142). �

Now we go to the analog of (90) for DF and DG.

Lemma 6.7. For K0 > 1 large enough and RuRs ang ≥ K0, the partial derivatives
of F at z1 = G(z0) and G at z0 satisfy

| F2y | ≤ | F1x | (145)

and

| G2y | ≤ (RuRs)
−1ang−1| G1x | ≤ | G1x |. (146)

Proof. We first consider the easy case of (146). Indeed, from the definitions, we
have

DG = DB2 ◦Dg̃ ◦DB3

= DAz1,v1,w1
◦Dg ◦DA−1

z0,v0,w0
.

This implies that

| G1x(z0) | = | Dgz0
(v0) |, | G2y(z0) | = | Dgz0

( w0

| w0 | ) |.
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Since g is (R,Ku
α,K

s
α)−hyperbolic, we have

| G1x(z0) | > Ru,

and, up to a constant C = C(| Dp |, | Dp−1 |),

| Dgz0
( w0

| w0 | ) | =

(

| D(g−1)z1
( w1

| w1 | |
)−1

≤ (Rs | tan(ang(v1, w1)) |−1

≤ C(Rs ang)
−1

≤ C(Rs ang)
−1 | G1x(z0) |

| G1x(z0) |
≤ C(RuRs)

−1ang−1| G1x(z0) |
giving (146).

Next, we go to (145).
We have

F = B1 ◦ f̃ ◦ p̃.
Write

DB1 =

(

b11 b12
b21 b22

)

.

Then, b12 = 0 and b22 = 1. Also, Df̃z2
is a diagonal matrix and Dp̃z1

is a lower
triangular matrix.

Hence,

F1x = b11f̃1xp̃1x (147)

and

F2y = f̃2y p̃2y. (148)

Now | p̃2y | is bounded, and, for K0 large, (135) gives that DB1 is close to the
identity I. Hence, for K0 large, we have | b11 | > 1

2 .
Thus, for some constant K > 0 and K0 large enough, we have

| F2y |
| F1x | ≤ K(RuRs)

−1 ang−1 ≤ K

K0
≤ 1

which is (145). �

The next lemma gives an estimate for the curvature of the curve γfp (or its
reparametrization γf̃ p̃) in terms of Θ(g).

Note that γfp = g(γh) which is a part of the curve g(γg).

Lemma 6.8. There is a constant C(α) > 0 such that

curv(γfp) ≤ C(α)
Θ(g)

| g(γg) |
(149)
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Proof. As usual, we will write C(α) for possibly different functions of α.
We write γg as the graph of a function y = ρ(x) = y0 for x ∈ [α0, β0]. Then,

Dρ(x) = D2ρ(x) = 0 for all x. By the graph transform formula, we have g(γg) is
the graph of the function Γ(g, ρ) defined by

Γ(g, ρ) = g2 ◦ (1, ρ) ◦ ([g1 ◦ (1, ρ)]−1, (150)

where (1, ρ) denotes the function x→ (x, ρ(x)).
The curvature curv(γfp) is proportional to | D2Γ(g, ρ) |, so it suffices to estimate

this last quantity.
Let u(x) = [g1 ◦ (1, ρ)]−1(x).
Then, differentiating the above formula, we get

DΓ(g, ρ) = g
2x

(ux, ρux)Du(x) + g
2y

(ux, ρux)Dρ(ux)Du(x)

= g
2x
Du(x) + g

2y
Dρ(ux)Du(x)

D2Γ(g, ρ) = g
2xx
Du(x)Du(x) + g

2xy
Du(x)Dρ(ux)Du(x)

+g
2yx
Du(x)Dρ(ux)Du(x) + g

2yy
Dρ(ux)Dρ(ux)Du(x)Du(x)

+g
2x
D2u(x) + g

2y
D2ρ(ux)Du(x)Du(x)

+g
2y
Dρ(ux)D2u(x) (151)

We can compute formulas for Du,D2u in terms of g, ρ by differentiating the
formula g1(ux, ρux) = x twice and solving for Du,D2u.

We get

Du(x) =
[

g
1x

(ux, ρux) + g
1y

(ux, ρux)Dρ(ux)
]−1

(152)

and

D2u(x) = −Du(x)
[

g
1xx

(Du(x))2 + 2g
1xy
Dρ(ux)Du(x)Du(x)

+g
1yy

(Dρ(ux))2Du(x)2 + g
1y

(Du)2D2ρ(ux)
]

.

Now, we have that

| γg |
| g(γg) |

∼ 1

| g1x | .

Hence, computing all partial derivatives at points x ∈ [α0, β0] we have, for each
i = 1, 2,

max(
| gixx |
| g1x |2

,
| gixy |
| g1x |2

,
| giyy |
| g1x |2

) ≤ C(α)
Θ(g)

| g(γg) |
, (153)

| Du(x) | ≤ 1

| g1x |(1 − α| Dρ |) =
1

| g1x | , (154)

max(
| g2x |
| g1x | ,

| giy |
| g1x | ) ≤ α < 1, (155)

Dρ = 0, D2ρ = 0. (156)

Combining these estimates proves Lemma 6.8. �
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Next, we have a simple estimate which we will be used in the proof of estimate
(168) below.

Lemma 6.9. Let ρ1, ρ2 : [a, b] → R be C2 functions such that ρ1(a) = ρ2(a), ρ1(b) =
ρ2(b) and there are constants 0 < K1 < K2 < K3 such that, for all x ∈ [a, b],

| D2ρ1(x) | ≤ K1, | D2ρ2(x) | ≤ K3, (157)

and

D2ρ2(x) < −K2. (158)

Then, letting φ = ρ1 − ρ2 and

M = max
x∈[a,b]

| φ(x) |,

we have

K2 −K1

8
≤ M

(b− a)2
≤ K1 +K3

8
. (159)

Moreover, there is a unique c ∈ (a, b) such that Dφ(c) = 0.
Let x1, x2 be in the same interval of [a, b] \ {c}, and assume there is a constant

K > 0 such that | x1 − x2 | ≤ K| x1 − c |.
Then,

| Dφ(x2) |
| Dφ(x1) |

≤ exp

(

K(K1 +K3)

K2 −K1

)

. (160)

Proof. Let C1 = K2 −K1, C2 = K1 +K3.
We have

φ(a) = φ(b) = 0,

and

0 < C1 ≤ D2φ(x) ≤ C2 (161)

for all x ∈ [a, b], and C1 < C2. .
Also,

M = | minx∈[a,b] φ(x) | = − min
x∈[a,b]

φ(x).

Then, there is a unique c ∈ (a, b) such that Dφ(c) = 0.
We place the graph of φ between two parabolas to get our required estimate

(159).
Thus, consider the two quadratic functions

qi(x) =
Ci

2
(x− c)2 −M

for i = 1, 2.
Since the functions qi, φ each have c as a unique minimum, our assumptions

(157), (158) together with (161 imply that

q1(x) ≤ φ(x) ≤ q2(x) (162)

for all x ∈ [a, b].
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Letting ci > c be the unique point such that qi(ci) = 0 we have

ci − c =

√

2M

Ci

.

Also, since the distance between the zeroes of qi is 2(ci − c), (162) implies that

2(c2 − c) ≤ b− a ≤ 2(c1 − c),

or,

√

2M

C2
≤ b− a

2
≤
√

2M

C1
.

This is equivalent to (159).
Next, we obtain some estimates on the ratio of angles between the vectors

(1, Dρ1(x)) and (1, Dρ2(x)) at certain different points x1, x2.
For two vectors v1, v2 let ang(v1, v2) denote the angle between the vectors v1, v2

as defined in (9). Letting e1 =

(

1
0

)

, set αi = αi(x) = ang((1, Dρi(x)), e1).

Then, Dφ(x) = tan(α1(x)) − tan(α2(x)).
Assume that | tan(α1(x)) | ≤ α < 1, | tan(α2(x)) | ≤ 1.
Using

tan(α1 − α2) =
tan(α1) − tan(α2)

1 + tan(α1) tan(α2)
,

we get

Dφ(x) = (1 + tan(α1) tan(α2))(tan(α1 − α2)).

This gives

1 − α ≤ | Dφ(x) |
| tan(α1 − α2) |

≤ 1 + α. (163)

Next, we proceed to prove (160). We have to estimate the quotient

| Dφ(x2) |
| Dφ(x1) |

where | x1 − x2 | < | x1 − c |.
We have 0 < C1 ≤ D2φ(x) ≤ C2, c is the unique minimum of φ in [a, b], and

Dφ(x) is strictly increasing for c < x < b.
We have that x1 and x2 must lie on the same side of c. Assume first that

c < x1 < x2 < b.
Then,

log
Dφ(x2)

Dφ(x1)
=

D2φ(τ )

Dφ(τ )
(x2 − x1)

≤ C2

Dφ(x1)
(x2 − x1).

Also,
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Dφ(x1) = Dφ(x1) −Dφ(c) =

∫ x1

c

D2φ(s)ds

≥ C1(x1 − c).

Hence,

log
Dφ(x2)

Dφ(x1)
≤ C2(x2 − x1)

C1(x1 − c)
(164)

or, since | x2 − x1 | ≤ K| x1 − c |, we have

| Dφ(x2) |
| Dφ(x1) |

≤ exp

(

C2| x2 − x1 |
C1| x1 − c |

)

≤ exp

(

KC2

C1

)

. (165)

Using similar techniques, we can handle the remaining cases c < x2 < x1 <
b, a < x1 < x2 < c, a < x2 < x1 < c. This proves Lemma 6.9. �

Let γh̃ = Az0,v0,w0
(γh), γF = γf̃ p̃ = G(γ h̃).

Lemma 6.10. There is a constant K > 0 such that

K−1

ang
≤

| γ f̃ p̃ |
| γ f̃ | ≤ K

ang
, (166)

and, for any point τ ∈ γ f̃ p̃, we have

| p̃1x(τ ) |
| p̃1x(z1) |

≤ exp

(

KΘ(g)| γ f̃ |2

ang5
+
K| γ f̃ |
ang2

)

(167)

as well as

K−1ang ≤ | p̃1x(τ ) | ≤ K ang (168)

Proof. Using

| γf̃ |
ang2

=

(

| γ f̃ |2

ang5

)
1
2

ang
1
2 and | γf | ∼ | γf̃ |,

we see that (27) implies that the right side of (167) is bounded. This, together with
(143) and (167), implies (168).

Hence, we need only concern ourselves with (166) and (167).
Consider the curve p(g(γg))) and the left and right boundary curves of Ef . For

ease of notation, let us denote these by

γ1 = ∂left(Ef ), γ2 = ∂right(Ef ), γ3 = p(g(γg))).

For i = 0, 1, 2, 3, let z̃i = (x̃i, ỹi) be such that

γ1

⋂

γ3 = {z̃0, z̃3}, γ2

⋂

γ3 = {z̃1, z̃2}.
We assume that ỹ3 < ỹ2 < ỹ1 < ỹ0.
From Lemma 6.9, we may think of the curves ∂left(Ef ), ∂right(Ef ) as lines, and

the curve γ3 as a quadratic curve of curvature greater than the parabolic curvature
of the map p.

Let ℓ0 denote the tangent line to γ1 at z̃0 and let θ denote the angle between
this line and the vertical direction.
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Let zc be the point on γ3 whose distance to the line ℓ0 is a maximum.
Choosing rotated coordinates ζ(x, y) = (ξ(x, y), η(x, y)) with

ξ = x cos(θ) − y sin(θ)

η = x sin(θ) + y cos(θ),

we have that ξ = 0 corresponds to the direction of ℓ0.
Letting (ξi, ηi) = ζ(z̃i) we have η3 < η2 < η1 < η0 and there are C2 functions

ξ = ρi(η), η3 ≤ η ≤ η0 such that

γi = {(ρi(η), η), 0 ≤ i ≤ 3, η3 ≤ η ≤ η0}.
Further,

ρ1(η0) = ρ3(η0), ρ1(η3) = ρ3(η3), Dρ1(η0) = 0. (169)

Let

K1 = max
η

| D2ρ1(η) |, K2 = max
η

| D2ρ2(η) |, K3 = min
η

| D2ρ3(η) |.

The curvature, curvγ(z), of a C2 curve γ : ξ = ρ(η) at the point z = (ρ(η), η)
satisfies

curvγ(z) =
| D2ρ(η) |

(1 +Dρ(η)2)
3
2

. (170)

Letting K4 be an upper bound for | η0 − η3 |, since Dρ1(η0) = 0, we have

| Dρ1(η) | ≤ K1| η0 − η3 | ≤ K1K4 (171)

Now, (29) gives that, for i = 1, 2,

curv(γi) < ǫ0 mincurv(γ3). (172)

We claim that if

ǫ0(1 +K2
1K

2
4 )

3
2 <

1

2
, (173)

then

K1 = max
η

| D2ρ1(η) | ≤
1

2
min

η
| D2ρ3(η) | =

1

2
K3. (174)

Indeed, for η, η̄ ∈ [η3, η0], we have

curvγ
1
(ρ1(η), η) ≤ ǫ0 curvγ

3
(ρ3(η̄), η̄).

Thus, (171) and (173) give
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| D2ρ1(η) | =
| D2ρ1(η) |(1 +Dρ1(η)

2)
3
2

(1 +Dρ1(η)2)
3
2

≤ ǫ0
| D2ρ3(η̄) |(1 +Dρ1(η)

2)
3
2

(1 +Dρ3(η̄)2)
3
2

≤ ǫ0 | D2ρ3(η̄) |(1 +K2
1K

2
4 )

3
2

≤ 1

2
| D2ρ3(η̄) |.

Since η, η̄ ∈ [η3, η0] are arbitrary, we get (174).
Consider the curve γ f̃ p̃.
Since Dp is bounded above and below, so is Dp̃. Hence,

| γf̃ p̃ | ∼ | p̃(γ f̃ p̃) |. (175)

The curve p̃(γ f̃ p̃) has the parametrization

p̃(γ f̃ p̃) = {(ρ3(η), η) : η1 ≤ η ≤ η0}.
Since z̃0, z̃1 are the boundary points of p̃(γ f̃ p̃) and the slopes of the tangent

vectors to p̃(γ f̃ p̃) are greater than one, we have

| p̃(γf̃ p̃) | ∼ | η1 − η0 |.
By the Mean Value Theorem there is a η5 ∈ (η1, η0) such that

| ξ0 − ξ1 | = | Dρ3(η5) || η0 − η1 |.
Let ℓf denote the horizontal line through z̃1 (in the (ξ, η)−coordinates), and let

z̃4 denote its intersection with ∂left(Ef ). Let z̃4 = (ξ4, η1).
There is a point η6 ∈ (η1, η0) such that

| ξ0 − ξ4 | = | Dρ1(η6) || η0 − η1 |,
Let c ∈ (η3, η0) be the unique real number such that Dρ3(c) = 0.
Using (29), we choose ǫ0 small enough so that

K1(1 + height(Q)) <
1

2
K3.

Then

| ξ0 − ξ4 | = | Dρ1(η6) || η0 − η1 |
= | Dρ1(η5) +Dρ1(η6) −Dρ1(η5) || η0 − η1 |
≤ K1| η0 − η1 | +K1| η0 − η1 |2

≤ K1(1 + height(Q))| η0 − η1 |

≤ 1

2
K3| η0 − η1 |

≤ 1

2
| Dρ3(η5) || η0 − η1 |

=
1

2
| ξ0 − ξ1 |
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Then, using

| ξ0 − ξ1 | − | ξ0 − ξ4 | ≤ | γf | ≤ | ξ0 − ξ1 | + | ξ0 − ξ4 |, (176)

we get

1

2
≤ | γf |

| ξ1 − ξ0 | ≤
3

2
. (177)

Since | γ f̃ p̃ | ∼ | η0 − η1 |, this gives

| γ f̃ p̃ |
| γ f̃ | ∼ 1

| Dρ3(η5) |
,

so, for (166), it suffices to show

| Dρ3(η5) | ∼ ang = a(v2, w2). (178)

Using (26) and (29) and a appropriately small ǫ0, we can find a constant K5 > 0
such that

| η0 − η1 | ≤ K5| η1 − c |.
Then, (178) follows from Lemma 6.9.
We proceed to prove (167).
Using (143) and

1 − | p̃1x(τ ) − p̃1x(z1) |
| p̃1x(z1) |

≤ | p̃1x(τ ) |
| p̃1x(z1) |

≤ 1 +
| p̃1x(τ ) − p̃1x(z1) |

| p̃1x(z1) |
,

it suffices to prove that

| p̃1x(τ ) − p̃1x(z1) | ≤ K

(

Θ(g)| γf̃ |2

ang4
+

| γ f̃ |
ang

)

(179)

for any point τ ∈ γ f̃ p̃.
We have

p̃ = Az2,v̄2,w2
◦ p ◦A−1

z1,v1,w1
,

and

p̃(z1) = p(z1) = z2.

Since Ax2,v̄2,w2
, D2p, and A−1

z1,v1,w1
are bounded, we get

|
(

p̃1x(τ )
p̃2x(τ )

)

−
(

p̃1x(z1)
p̃2x(z1)

)

| ≤ K| τ − z1 |. (180)

Now, τ is in the Az1,v1,w1
−image of the curve γfp. Note that | γf̃ p̃ | = | γfp |

since these are arclengths of curves which differ only by reparametrization and a
rotation of coordinates.

If we show that there is a constant K1 > 0 such that for every unit tangent vector
v to γfp,

| DAz1,v1,w1
(v) | ≤ K1

(

Θ(g)

| g(γg) |
| γf̃ p̃ |
ang

+ 1

)

, (181)
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then, it will follow that

| τ − z1 | ≤ K1| γ f̃ p̃ |
(

Θ(g)

| g(γg) |
| γ f̃ p̃ |
ang

+ 1

)

. (182)

Using (166) and the fact that | g(γg) | ∼ ang, we get

| τ − z1 | ≤ K1

(

Θ(g)| γf̃ |2

ang4
+

| γ f̃ |
ang

)

. (183)

This will imply (179), completing the proof of Lemma 6.10.
So, let v be a unit tangent vector to the curve γfp at some point. By Lemma 6.8

the curvature of γfp is bounded by C(α) Θ(g)

| g(γg) |
.

Hence, we have that

| v − v1 | ∼ | tan(ang(v, v1)) | ≤ C(α)
Θ(g)| γf̃ p̃ |
| g(γg) |

,

and, from (78), we have

| DAz1,v1,w1
| ≤ K

ang
.

This gives, with e1 =

(

1
0

)

,

| DAz1,v1,w1
(v) | = | DAz1,v1,w1

(v − v1) +DAz1,v1,w1
(v1) |

= | DAz1,v1,w1
(v − v1) + e1 |

≤ K| v − v1 |
ang

+ 1

≤
KC(α)Θ(g)| γf̃ p̃ |

| g(γg) |ang
+ 1

and we simply take

K1 = max(KC(α), 1).

Let us return to the verification of (34) and (35).
We can now apply Lemma 6.3.
By (106) and (107) we have

Φ(h̃) ≤ Φ(F )exp

(

Ψ2(G)
| γh̃ |
| γG |

)

+ Φ(G)
| γh̃ |
| γG | (184)

and

Φ2(h̃) ≤ Φ2(F )ǫ22(G)exp

(

Ψ2(G)
| γh̃ |
| γG |

)

+ Φ2(G)
| γh̃ |
| γG |

= Φ2(F )
JG

| G1x |2
exp

(

Ψ2(G)
| γh̃ |
| γG |

)

+ Φ2(G)
| γh̃ |
| γG | (185)

From our previous results and definitions, we have
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F = B1 ◦ f̃ ◦ p̃,

| F1x | = | b11 || f̃1xp̃1x |, (186)

| G1x | = | g̃1x |, (187)

| h̃1x | = | b11 || f̃1xp̃1xg̃1x |. (188)

Since, a(v3, v̄3) is small, we have

Φ(F ) ≤ | DB1 |Φ(f̃ p̃)

≤ 1 +K1a(v3, v̄3)

1 −K1a(v3, v̄3)
Φ(f̃ p̃)

≤ (1 + 3K1a(v3, v̄3))Φ(f̃ p̃) (189)

≤ (1 +Ka(v3, v̄3))Φ(f̃ p̃) (190)

(191)

and

Φ2(F ) ≤ KΦ2(f̃ p̃). (192)

Letting Sg̃ = g̃(γ g̃), we have

| g̃1x || γ g̃ | ∼ | Sg̃ |, (193)

and

| γh̃ | ∼
| γf̃ |

| g̃1xp̃1x | , (194)

so,

| γh̃ |
| γg̃ | ∼

| γh̃ |
| γG | ≤ K5

| γ f̃ |
| p̃1x || Sg̃ | (195)

Let us estimate Φ(f̃ p̃) and Φ2(f̃ p̃).
We know that p̃1y(z2) = p̃1y = 0, and

| p̃2x |, | p̃2y | < K

Using (96)–(98) with h = f̃ p̃ and ǫ22(f̃) ≤ 1, we get

Φ11(f̃ p̃) ≤ Φ11(f̃)| p̃1x |
| γf̃ p̃ |
| γf̃ | + 2KΦ12(f̃)

| γf̃ p̃ |
| γf̃ | +KΦ22(f̃)

| γ f̃ p̃ |
| p̃1x || γ f̃ |

+2 max
i

| p̃ixx |
| p̃1x | | γ f̃ p̃ |

Φ12(f̃ p̃) ≤ Φ12(f̃)K
| γf̃ p̃ |
| γf̃ | + Φ22(f̃)K

| γ f̃ p̃ |
| p̃1x || γf̃ | + 2 max

i

| p̃ixy |
| p̃1x | | γf̃ p̃ |
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Φ22(f̃ p̃) ≤ Φ22(f̃)
K

| p̃1x |
| γf̃ p̃ |
| γf̃ | + 2 max

i

| p̃iyy |
| p̃1x | | γ f̃ p̃ |

Using Lemma 6.10, we have

1

| p̃2
1x | ∼

1

| p̃1x(τ1) || p̃1x(τ ) | ∼
1

ang2
,

so,

Φ(f̃ p̃) ≤ Φ(f̃)exp

(

K
Θ(g)| γ f̃ |2

ang5
+K

| γ f̃ |
ang2

)

+K
Φ2(f̃)

ang2
+
K| γf̃ |
ang2

(196)

and

Φ2(f̃ p̃) ≤
KΦ2(f̃)

ang2
+
K| γ f̃ |
ang2

(197)

Now,

| D2p̃ | ≤ K

and

a(v3, v̄3) ≤ K
| f̃2y |

| f̃1xp̃1x |
∼ Jf̃

| f̃2
1xp̃1x |

Since | Jf | ∼ | Jf̃ |, | f1x | ∼ | f̃1x |, | γf̃ | ∼ | γf |, | p̃1x | ∼ a(v2, w2), we have

a(v̄3, v3) ≤ K
J⋆(f, γf )

ang
,

or

1 + a(v̄3, v3) ≤ exp

(

K
J⋆(f, γf )

ang

)

. (198)

This gives

Φ(F ) ≤ Φ(f̃)exp

(

K
J⋆(f, γf )

ang
+K

Θ(g)| γf̃ |2

ang5
+K

| γf̃ |)
ang2

)

+ K
Φ2(f̃)

ang2
+K

| γf̃ |
ang2

(199)

and

Φ2(F ) ≤ K
Φ2(f̃)

ang2
+K

| γf̃ |
ang2

(200)

Now, G = B2 ◦ g̃ ◦B3, B3 is bounded, and

| B2 | ∼ 1

ang
.

Hence, we get
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Φ(G) ≤
(

1 +K
a(w1, w̄1)

a(v1, w1)

)

Φ(g̃)

(

1 +K
a(w̄0, w0)

a(v0, w0)

)2

≤ K

ang
Φ(g̃),

and

JG ≤ K
Jg̃

ang
.

Now,

DB3 =

(

1 a
0 b

) (

x
y

)

where | b | ≤ K, and

| a | ≤ Ka(w0, w̄0) ≤ Kmin(
Jg̃

| g̃2
1xp̃1x | , C(α)).

By (30), this last quantity is less than 1.
Since γG = B−1

3 γ g̃, we have

| γG | ∼ | γ g̃ |.
Further, if z0 = (x0, y0), and we set Ḡ = g̃ ◦B3, we get

Ḡ = g̃ ◦B3(x, y) = (g̃1(x0 + x+ ay, y0 + by), g̃2(x0 + x+ ay, y0 + by))

and

| Ḡ1x | = | g̃1x |
| Ḡixx | = | g̃ixx |
| Ḡiyx | ≤ (| g̃ixx |a+ | g̃ixy |b)
| Ḡiyy | ≤ (| g̃ixx |a2 + 2| g̃ixy |ab+ | g̃iyy |b2).

| D2G | ≤ | DB2 || D2Ḡ | ≤ K

| p̃1x | | D
2Ḡ |.

Setting

J1 = J1(g̃) =
Jg̃

| g̃2
1xp̃1x |

we have

Ψ2(G) ≤ K

| p̃1x |Ψ2(g̃) ∼
K

ang
Ψ2(g̃) (201)

and

Φ2(G) ≤ K
Φ(g̃)

| p̃1x | max(| a |, | a |2) +
KΦ2(g̃)

| p̃1x |

≤ K
Φ(g̃)J1

| p̃1x | +
KΦ2(g̃)

| p̃1x | . (202)
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Since g̃ = Az1,v1,w̄1
◦ g ◦ A−1

z0,v0,w̄0
and the matrices DAz1,v1,w̄1

, DA−1
z0,v0,w̄0

are
bounded, we get

Ψ2(g̃) ≤ KΨ2(g) and Jg̃ ≤ KJg. (203)

Applying (106) gives

Φ(h̃) ≤ Φ(F )exp

(

Ψ2(G)
| γh̃ |
| γG |

)

+ Φ(G)
| γh̃ |
| γG |

≤ Φ(F )exp

(

K2
Ψ2(g̃)

| p̃1x |
| γh̃ |
| γ g̃ |

)

+K2
Φ(g̃)

| p̃1x |
| γh̃ |
| γ g̃ |

Since, | p̃1x | ∼ a(v2, w2) = ang, taking the supremum over all w3 gives (34).
To estimate Θ2(h), we use (107) and the above to get

Φ2(h̃) ≤ Φ2(F )
| JG |
| G1x |2

exp(Ψ2(G)
| γh̃ |
| γG | ) + Φ2(G)

| γh̃ |
| γG |

≤ K

(

Φ2(f̃)

| p̃1x |2
+

| γ f̃ |
| p̃1x |2

)

| Jg̃ |
| p̃1x || g̃1x |2

exp

(

Ψ2(G)
| γh̃ |
| γG |

)

+ K
Φ(g̃)J1

| p̃1x |
| γh̃ |
| γ g̃ | + K

Φ2(g̃)

| p̃1x |
| γh̃ |
| γg̃ |

≤ K

(

Φ2(f̃)

| p̃1x |2
+

| γ f̃ |
| p̃1x |2

)

J1 exp

(

K
Ψ2(g̃)

| p̃1x |
| γh̃ |
| γg̃ |

)

+ K
Φ(g̃)J1

| p̃1x |
| γh̃ |
| γ g̃ | + K

Φ2(g̃)

| p̃1x |
| γh̃ |
| γg̃ |

Using | p̃1x | ∼ ang, and taking the supremum over w3, we get (35).
This completes the proof of Theorem 2.2. �

7. Proofs of Theorems 2.3, 2.4, and 2.5.

7.1. Proof of Theorem 2.3. Let h = f ◦ p ◦ g be the map in question.
Note that (36) implies that

J1(f, γf ) =
Jf

ang| f1x |2
<

| γf |
ang2

. (204)

Now, using (31), (34), (204), and setting

ν0 =
Θ2(f)

ang2
+

Θ(g)| γf |2

ang5
+ 2

| γf |
ang2

+
Θ(g)

ang

| γh |
| γg | , (205)

we have

Θ(h) ≤ Θ(f)exp(K1ν0) +K1ν0. (206)

From (37) we have

ang < 1 and
| γf |
ang2

< K2| Sg |−δ2
| γh |
| γg | < 1.

Hence, we have
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| γf |2

ang4
<

| γf |
ang2

,

and

Θ(g)

ang5
| γf |2 < Θ(g)

ang

| γf |
ang2

≤ Θ(g)

ang
K2| Sg |−δ2

| γh |
| γg | .

Also, by (38) and (39), we have

Θ(g)

ang
≤ K2

2 | Sg |1−δ1−1−δ2 = K2
2 | Sg |−δ1−δ2 > 1.

Putting these estimates together with (205) and (40), we get

ν0 ≤ Θ2(f)

ang2
+ 4

(

K3
2 | Sg |−δ1−2δ2

)

( | γh |
| γg |

)

≤ ν3 =
Θ2(f)

ang2
+

( | γh |
| γg |

)1−δ3

as required in (41). �

7.2. Proof of Theorem 2.4. From (35), we have the following estimate for Θ2(h).

Θ2(h) ≤ K1

(

Θ2(f)

ang2
+

| γf |
ang2

)

J1(g, γh)exp

(

Θ(g)

ang

| γh |
| γg |

)

+K1
Θ(g)J1(g, γh)

ang

| γh |
| γg | +K1

Θ2(g)

ang

| γh |
| γg | .

Using

Θ(g) ≤ L1, exp

(

Θ(g)

ang

| γh |
| γg |

)

≤ L2,

we get

Θ2(h) ≤ K1

(

Θ2(f)

ang2
+

| γf |
ang2

)

J1(g, γh)L2

+K1L1
J1(g, γh)

ang

| γh |
| γg | +K1

Θ2(g)

ang

| γh |
| γg | . (207)

As we noted above, from (37) we have

| γf |
ang2

< K2| Sg |−δ2
| γh |
| γg | . (208)

Using (37), (39), (45),(46), and (48) we get
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Θ2(h) ≤ K1L2
Θ2(f)

ang2
J1(g, γh) +K1L2K2| Sg |−δ2

| γh |
| γg |J1(g, γh)

+K1L1
J1(g, γh)

ang

| γh |
| γg | +K1

Θ2(g)

ang

| γh |
| γg |

≤ K1L2
Θ2(f)

ang2
J1(g, γh) + 2K3

3

J1(g, γh)

ang

| γh |
| γg |

+K1
Θ2(g)

ang

| γh |
| γg |

≤ K1L2
Θ2(f)

ang2
J1(g, γh) +

(

1

2
+K1

Θ2(g)

ang

) | γh |
| γg |

≤ K1L2
J1(g, γh)

ang2
Θ2(f) +





1

2
+
K1| γg |1−δ3

ang





| γh |
| γg |

≤ K1L2
J1(g, γh)

ang2
Θ2(f) +

3

4

( | γh |
| γg |

)1−δ3

≤ K1L2Jg

ang3| g1x |2
Θ2(f) +

3

4

( | γh |
| γg |

)1−δ3

and, hence,

Θ2(h) ≤
K3Jg

ang3| g1x |2
Θ2(f) +

3

4

( | γh |
| γg |

)1−δ3

. (209)

Case 1: h = f ◦ p ◦ g is a bcc map.
Then, by (39), (44), (47) and the fact that ang < 1, we have (for δ2, δ3 appro-

priately small)

Θ2(f) < | γf |1−δ3

<

( | γf |
ang2−2δ2

)1−δ3

=

( | γf |
ang2

)1−δ3

ang2δ2(1−δ3)

≤ K1−δ3

2 | Sg |−δ2(1−δ3)ang2δ2(1−δ3)

( | γh |
| γg |

)(1−δ3)

≤ K1−δ3

2 | Sg |−δ2(1−δ3)(K2| Sg |)2δ2(1−δ3)

( | γh |
| γg |

)(1−δ3)

= K
(1−δ3)(1+2δ2)
2 | Sg |δ2(1−δ3)

( | γh |
| γg |

)(1−δ3)

<

( | γh |
| γg |

)(1−δ3)
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So, using (44), (45), and (209), we get (55).

Case 2: h = f̃ ◦ p ◦ g = f1 ◦ p ◦ g1 ◦ p ◦ g where f1 and f̃ = f1 ◦ p ◦ g1 are cc maps

of rank less than that of h, and g̃
def
= g1 ◦ p ◦ g is a bcc map.

Using induction, we may assume that

Θ2(f̃) ≤
(

| γ f̃ |
| γg1

|

)1−δ3

. (210)

Let ang denote the angle of the map g.
We first assert that

inequality (209) holds with f replaced by f̃ . (211)

To see this we observe that

1. (209) was obtained using the estimates (37), (39), (45), (46), and (48) for the
maps f, p, and g,

2. using (54) to replace the right hand side of (37) we see that all of these

conditions are unchanged in replacing f by f̃ .

Continuing with our proof, we use (54) and the left side of (39) to get

K2| Sg |−δ2
| γh |
| γg | >

| γ f̃ |
ang2

=
| γ f̃ |
| γg1

|
| γg1

|
ang2

(212)

and

| Sg |−δ2 < Kδ2

2 ang−δ2 . (213)

So,

| γ f̃ |
| γg1

| < K2| Sg |−δ2
| γh |
| γg |

ang2

| γg1
|

< K1+δ2

2

| γh |
| γg |

ang2−δ2

| γg1
|

≤ K1+δ2

3

| γh |
| γg |

ang2−δ2

| γg1
| .

From Case 1, we have that

Θ2(g̃) ≤
( | γ g̃ |
| γg |

)1−δ3

, (214)

Using (209) with f replaced by f̃ , and appropriately defining small numbers
δ4, δ5, we have



DISTORTION ESTIMATES FOR PLANAR DIFFEOMORPHISMS 407

Θ2(h) ≤ K3Jg

ang3| g1x |2
Θ2(f̃) +

3

4

( | γh |
| γg |

)1−δ3

≤ K3Jg

ang3| g1x |2

(

| γ f̃ |
| γg1

|

)1−δ3

+
3

4

( | γh |
| γg |

)1−δ3

≤ K3Jg

ang3| g1x |2

(

| γh |
| γg |

K1+δ2

3 ang2−δ2

| γg1
|

)1−δ3

+
3

4

( | γh |
| γg |

)1−δ3

≤ K2+δ4

3 ang2−δ5Jg

ang3| g1x |2
( | γh |
| γg |

1

| γg1
|

)1−δ3

+
3

4

( | γh |
| γg |

)1−δ3

≤ K3
3Jg

ang2| g1x |2
( | γh |
| γg |

1

| γg1
|

)1−δ3

+
3

4

( | γh |
| γg |

)1−δ3

≤
( | γh |
| γg |

)1−δ3

where we have used (49) for the bcc map g1 ◦ p ◦ g.
This completes the proof of (55).
Now, assume that h is an ecc map.
From (35), (37), (42), (43), and (45) we can write (207) as

Θ2(h) ≤ K3
Θ2(f)

ang2
J1(g, γh) +K2

3 | Sg |−δ2
| γh |
| γg |J1(g, γh)

+K3
J1(g, γh)

ang

| γh |
| γg | +K3

Θ2(g)

ang

| γh |
| γg | (215)

The upper bound Θ(g) ≤ L1 gives us that

exp(−L1) ≤
| g1x(z) |
| g1x(w) | ≤ exp(L1)

for any z, w ∈ γg, so

exp(−L1)| Sg | ≤ | g1x || γg | ≤ | Sg |exp(L1).

Also, repeating (213), we have

| Sg |−δ2 < Kδ2

2 ang−δ2

and, setting K3 = max(K2+δ2

2 exp(L1), 3), we have
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1

| g1x |
| γf |
ang

=
| γf |
ang2

ang

| g1x |

≤ K2| Sg |−δ2
ang

| g1x |
| γh |
| γg |

≤ K2| Sg |−δ2
ang

Sg

exp(L1)| γh |

≤ K3ang
−δ2 | γh |.

So, we may assume

| γf | ≤ K3| g1x || γh |ang1−δ2 , (216)

ang ≤ K3| g1x || γg |, (217)

Θ2(f) < | γf |1−δ3 , (218)

and

Θ2(g) < | γg |1−δ3 . (219)

From (50), (51), and (52), we have

Jg

ang2+δ4 | g1x |1+δ3

<
1

3K3
, (220)

Jg| γh |δ3

ang3| g1x | <
1

3K3
, (221)

and

1

ang

( | γh |
| γg |

)δ3

<
1

3K3
. (222)

From (37) and (39), we have

ang < K2| Sg |
and

| Sg | < 1,

so, in particular,

ang < K2| Sg |δ2 . (223)

Using (215)–(223), writing a � b to mean a ≤ K3b, and setting δ4 = δ2+δ3−δ2δ3,
we get
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Θ2(h) � | γf |1−δ3J1(g, γh)

ang2
+
J1(g, γh)

ang

| γh |
| γg | +

| γg |1−δ3

ang

| γh |
| γg |

� (| g1x || γh |ang1−δ2)1−δ3J1(g, γg)

ang2
+
J1(g, γh)

ang

| γh |
| γg |

+
1

ang

( | γh |
| γg |

)δ3

| γh |1−δ3

� (| g1x || γh |)1−δ3Jg

ang2+δ4 | g1x |2
+

Jg

ang2| g1x |2
| γh |
| γg |

+
1

ang

( | γh |
| γg |

)δ3

| γh |1−δ3

� (| γh |)1−δ3Jg

ang2+δ4 | g1x |1+δ3

+
Jg

ang3| g1x | | γh |

+
1

ang

( | γh |
| γg |

)δ3

| γh |1−δ3

≤ | γh |1−δ3

This completes the proof of Theorem 2.4. �

7.3. Proof of Theorem 2.5. We apply the exponential increment Lemma 5.1 and
the estimates of Theorems 2.3 and 2.4.

Let a0 = K4 exp(K4), b0 = b1 = c0 = c1 = K4, ai = Θ(hi) for i ≥ 1, and
bi = ci = K4ξ

i for i ≥ 2.
Then,

a0 ≤ b0exp(b0),

and, by (58) and Theorem 2.3 we have

a1 ≤ Θ(h0)exp



K1
Θ2(h0)

ang2
1

+K1

| γh1
|

| γg1
|
1−δ3



+K1
Θ2(h0)

ang2
1

+K1

| γh1
|

| γg1
|
1−δ3

≤ a0exp(K4) +K4

= a0exp(b1) + b1

Further, from (57), we have Θ(g0) ≤ b0 ≤ b0 exp(b0) = a0.
Then, by Theorem 2.3, Theorem 2.4, and (59), for i ≥ 2, we have
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ai ≤ ai−1exp(K1ν3) +K1ν3

≤ ai−1exp



K1
Θ2(hi−1)

ang2
i

+K1

( | γhi
|

| γgi
|

)1−δ3





+K1
Θ2(hi−1)

ang2
i

+K1

( | γhi
|

| γgi
|

)1−δ3

≤ ai−1exp





K1

ang2
i

(

| γhi−1
|

| γgi−1
|

)1−δ3

+K1

( | γhi
|

| γgi
|

)1−δ3





+
K1

ang2
i

(

| γhi−1
|

| γgi−1
|

)1−δ3

+K1

( | γhi
|

| γgi
|

)1−δ3

≤ ai−1exp(bi) + bi.

So, Lemma 5.1 applies to give (60) as required. �
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8. Glossary.

Index of Special Symbols and Notations. Numbers on right indicate the page where the
term is defined.

Notation Definition Page

Jγf(z) 349

Az,v,w 354

ℓv(w) 356

γ(t) 349

f̃z,v,w 354

curv(γ) maximum curvature along γ 350

f ≻ p ≻ g 356

lw(E) 356

mC 352

f ≻ g g Markov precedes f 350

compatible parametrized rectangles 349

full-height subrectangle 349

full-width subrectangle 349

full-width(height) curve 349

parametrized rectangle 349

rectangle curvlinear rectangle 349

standard rectangle linear rectangle 349

v̄2 normal vector to w2 at z2 385

v̄3 Df(v̄2) normalized 385

w̄0 Dg−1(w̄1) normalized 385

w̄1 normal vector to v1 at z1 385

γ[z0, z1] polygonal approximation of [z0, z1] 381

a(v, w) | sin(ang(v, w)) | 383

v0 horizontal unit vector in Ku
α(z0) 385

v1, v2, v3 successive images of v0 385

w0, w1, w2 successive pre-images of w3 385

w3 unit vector in Ks
α(z3) 385

wf (z0, z1) min length of some horizontal line segments 382

z0, z1 z0 ∈ γh, z1 = g(z0) 385

z2, z3 z2 = p(z1), z3 = f(z2) 385

Ks
α 351

Ku
α 351

(R, α) − hyperbolic 353

(R, α, z) − hyperbolic 353

<, > Euclidean inner product 349

DB1 derivative of Az3,v3,w3
◦ A−1

z3,v̄3,w3
387

DB2 derivative of Az1,v1,w1
◦ A−1

z1,v1,w̄1
387

DB3 derivative of Az0,v0,w̄0
◦ A−1

z0,v0,w0
387

H0 ⊙ H1 concatenation 362

J⋆(g, γ) 358

J1(g, γ) 358

Jf 358

K − parabolically 355, 356

Rs 352

Ru 352

Rmin 352

Sg 360

Z1, Z2 356

Zi 356

Ψ(f, γ) 350

Ψ1(z, f, γ), Ψ2(z, f, γ) 350

Θ(f, E) 1 dim distortion of f and E 348



412 SHELDON NEWHOUSE

Notation Definition Page

Θ(f, γ) Θ-distortion 354

Θ2(f, γ) Θ2-distortion 354

γ′
g g(γg) 385

γ′′
g p(g(γg)) 385

| γ | arclength of γ 350

| γ |C1 C1−size of γ 355

| γ |C2 C2−size of γ 355

p̃ 387

a ∼ b a/b bounded above and below 358

admissible 355

ang 357

ang(v, w) 351, 385

bcc map 361

cc map 362

cdist 358

d1(γ0, γ1) C1−distance from γ0 to γ1 355

d2(γ0, γ1) C2−distance from γ0 to γ1 356

drt(f, E) dilation ratio of f and E 348

ecc map 362

image admissible 355

mincurv(γ) minimum curvature along γ 357

vcd(z, γ) 356

vcurv 357

wf (z, γ) 357

ǫ0 size info remark on size of ǫ0 384

Cu−curve 352

cone field pair 352

critical point method 346

induced map method 347

triple sequence, T (zk, hk) 362

volume dilation ratios 346

volume ratio 346
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