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ABSTRACT. We define new distortion quantities for diffeomorphisms of the Eu-
clidean plane and study their properties. In particular, we obtain composition
rules for these quantities analogous to standard rules for maps of an interval.
Our results apply to maps with unbounded derivatives and have important
applications in the theory of SRB measures for surface diffeomorphisms.
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0. Introduction. Consider a smooth self map f : M — M of a smooth manifold
M. One of the main problems in the theory of dynamical systems is to describe
the asymptotic behavior of the orbits z, f(z), f2(z), ... for various points z € M.
Specific objects of importance include the estimation of the Hausdorff dimension of
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various invariant sets, the calculation of topological and measure-theoretic entropies,
and the quantitative understanding of the evolution of sets of positive Lebesgue
measure. In this latter case, one often is interested in the existence and properties
of so-called natural or SRB measures. A fundamental tool in the study of all of
these concepts is the investigation of quantitative objects associated to the orbits
of submanifolds v which are expanded from time to time under iteration by the
map f. One of the main such quantitative objects is the volume ratio. One seeks
to control the ratio

vol(f™(E))
vol(f™(F))
of the Riemannian volumes of sets £ C v, F' C v as n increases. The question
reduces to the estimation of the volume dilation ratios

Jyf"(2) 1)
Jy fr(w)

for z,w € v where J f"(2) denotes the infinitesimal volume expansion of f"
along v at z.

It should be noted that various second derivative estimates related to (1) are
typically called distortion estimates in the literature. We will be more precise on
our version of these notions later in the sequel.

Techniques for estimating (1) when v is an unstable manifold of a point in a
uniformly hyperbolic set and the derivatives of f are bounded are well-known and
go back to Sinai [12] (see also Lectures 16 and 17 in [13] for more general systems).
In one dimensional dynamics, the quantities (1) even go back to Denjoy who used
them in his solution of the Poincare problem of topological transitivity of C? diffeo-
morphisms of the circle with irrational rotation numbers. More recently, they play
a central role in the study of absolutely continuous invariant measures as in [2], [4],
and [7], .

In two dimensional dynamics, one often encounters a piece of unstable manifold
of a fixed point (or a nearby curve) whose forward iterates exhibit a combination
of expansion, contraction, and folding. The control of the quantities (1) in these
situations becomes complicated. A major part of the work of Benedicks-Carleson
[1], Mora-Viana [8], Wang-Young [14], etc., on the study of strange attractors and
SRB measures for Henon-like maps involves the control of these dilation ratios.

There are basically two methods currently available to estimate dilation ratios
along iterates of curves. We refer to these, respectively, as the critical point method
and the induced map method

1. Critical point method. This involves the identification of a set called the critical
set C' such that the images of relevant curves fold as they first pass near
C. Away from C one has hyperbolic behavior. The control of distortion is
obtained by an iterate by iterate analysis along orbits. The orbit is broken into
pieces which exhibit hyperbolic behavior while they stay at some distance from
C, and which which exhibit folding when they approach C'. One uses more
or less standard estimates along the hyperbolic pieces, and one does a careful
analysis of how the orbits behave near the folds. Basically, one puts these
last orbits in positions so that long stretches of hyperbolic iterates undo the
damage to expansion contributed by the folds. The second order derivatives
of each iterate involved are uniformly bounded. In one-dimensional dynamics,
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the critical set C' is simply the set of critical points of the map (i.e., where the
first derivative vanishes). The very definition of the analogous critical set in
two dimensional dynamics (in consideration of orbits of infinite length) was

a major breakthrough of Benedicks and Carleson in [1]. Tt is at the heart of
the works of Benedicks-Carleson, Mora-Viana, Wang-Young, etc., mentioned
above.

2. Induced Map Method This involves taking high iterates of the original map, so
that one can more or less always consider compositions of hyperbolic maps.
The effects of folds are absorbed by taking maps h each of which can be
expressed as compositions h = Fo f or h = Fo foG where F = f™ and
G = f™ are iterates of the original map f. In these compositions, the folding
occurs at the points where f is applied, and the maps F' and G are uniformly
hyperbolic. The resulting maps h again become uniformly hyperbolic, but
with unbounded derivatives and bounded distortion. The process continues
to higher and higher iterates of the original map f via an induction in which
the maps F' and G are successively replaced by the new maps h and the
construction is repeated. The detailed construction involves a careful analysis
of the relationship between the maps F, G and the areas where the folds given
by f occur. The technique of controlling distortion for maps with unbounded
derivatives was first considered by Jakobson in [4] in proving the existence
of a positive measure set of parameters r such that the logistic map f,.(x) =
ra(1l — z) has an absolutely continuous invariant measure.

The purpose of the present paper is to develop tools for the Induced Map Method
in two dimensional systems. The main application of these tools is to aid in proving
the existence of so-called chaotic attractors and associated SRB measures for such
diffeomorphisms.

In joint work with Michael Jakobson to be published later, we will present ap-
plications of the results and methods given here to the one parameter family of
diffeomorphisms Hy (z,y) = (A()\,z) — B(z)y, z). Here X is an external parameter
varying in an interval Jy and A(\, z), B(z) are smooth maps with B(z) nowhere
vanishing. When A(\,z) = A — 2% and B(z) = b # 0 is constant, this is, of course,
the Henon family. Our results allow varying Jacobian determinant B(z) which can
be large in some x—intervals and small in other x—intervals. Thus, we will obtain
the first examples of dissipative planar diffeomorphisms with SRB measures in which
the Jacobian determinants are not uniformly exponentially small.

As a related second new consequence of some of the results presented here we
mention that one can obtain stronger versions of the results in [6]. In the latter
paper, we considered maps f; defined on closed full-height subrectangles F; of a
given rectangle with certain expansion and bounded distortion properties. We used
the Whitney Extension Theorem to extend each map f; to a neighborhood U; of E;
with related expansion and bounded distortion properties. The results given here
allow one to avoid the use of the Whitney Extension Theorem and get the same
results of [6] by assuming the expansion and bounded distortion properties hold
only on the interiors of the rectangles F;.

We also mention that, in connection with work on bifurcation theory [11], J.
Palis and J-C. Yoccoz have also obtained estimates for dilation ratios for surface
diffeomorphisms with unbounded derivatives (see [10]) which are similar in spirit
to those given here, but which use very different techniques from ours and require
different assumptions. A significant way in which their assumptions differ from
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ours is that the hyperbolic maps they consider have images whose diameters are
uniformly bounded below. This assumption, which is sufficient for their applications
to bifurcation theory, is, at least in our present understanding, too strong to be
applicable to proving the existence of SRB measures in families H ) (z,y) as above.

In concluding this introduction, we remark that it is evident that some parts of
the present paper are rather technical and involve many different symbols. As an
aid to the reader, we have appended a glossary which gives the page numbers for
definitions of most of the symbols used in the paper.

Acknowlegement. This work grew out of on-going joint work with M. Jakob-
son on families H (z,y) as above. We have developed various approaches to two-
dimensional distortion estimates which are similar in spirit but differ in technical
details. The approaches extend the techniques of distortion estimates developed in
[5] and [6]. The present work presents one of these approaches. It is a pleasure to
acknowledge many useful conversations with Michael Jakobson in connection with
this work.

1. Dilation and distortion in one dimensional systems. Our main results
concern two dimensional diffeomorphisms. However, as motivation for these results,
it seems worthwhile to begin with some related concepts in one-dimensional systems.
Let f be a C? diffeomorphism from a closed real interval E to its image. One
defines the dilation ratio drt(f) = drt(f, E) of the pair (f, E) to be the quantity

o L2IG
rilf E) = S ) |

One next defines the distortion ©O(f, F) of the pair (f, E) by

| D?f(2) |
OB = D P
where D f(z), D?f(z) are the first and second derivatives of f at z and | F | is
the length of F.
The following relation between the dilation ratio and the distortion is well-known
and follows easily from the Mean Value Theorem.
If J C FE is a subinterval, then

Dilation Ratio Formula for One Dimensional Distortion:

drt(f,J) < exp (®(f, E)%) . (2)
A second well-known and useful inequality relates the distortion of a composition
h = fog of interval maps to the distortions of the factor maps f, g (see [2]) or [1]).
Composition Formula for One Dimensional Distortion:
Suppose f, g are C* diffeomorphisms defined on intervals Ey, E,, respectively,
and g(E,) 2 Ef. Let B, = g Y(E¢) and h= fog.
Then, writing ©(h) = O(h, Ep), O(f) = O(f, Ey), and O(g9) = ©(g, E,), we

have

|Eh|) | Ej, |
+ O(g )
% 1) TPYTE,

Formula (3) can be used to show (e.g. as in [6] and [4]) that if fi, fo,... is
a sequence of expanding diffeomorphisms such that ©(f;) < K for all i and the

o) < O(f)eap (®<g> 3)
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lengths of the images of f; are bounded below, then there is a constant K; such
that for every n > 1, we have

O(fro...0fn) < Kj.

This, in turn, can be used to establish the existence of absolutely continuous
invariant measures (see [2], [1]).
Now, we proceed to two dimensional analogs of the above distortion concepts.

2. Statement of results. Throughout this section we denote by R? the Euclidean
plane. We let <, > be its standard inner product and, unless otherwise stated, norms
will be with respect to this inner product.

Our first results give analogs of estimates (2) and (3) along smooth curves for a
diffeomorphism f : R?> — R2.

Let E be a subset of R2. By a diffeomorphism f : £ — E’ we mean a C?
diffeomorphism f defined on an open neighborhood of E such that E' = f(FE).

We use the terminology that a standard rectangle in R? is the product I x J of
two real intervals.

A parametrized rectangle is a triple (¢, I x J, E) in which I x J is a standard
rectangle, E is a subset of the plane, and ¢ is a C? diffeomorphism from I x J onto
E. We will frequently suppress the objects ¢, I x J in the parametrized rectangle
(¢, I x J, E) and simply call the set E a rectangle.

Letting (z,y) denote coordinates in R?, and let (¢, 1 x J, E) be a parametrized
rectangle in R2. A full-width curve v in I x J is a C? curve v(t) = (z(t),y(t)),
defined for ¢ € I, such that the map ¢ — x(t) is a diffeomorphism from I onto I.
Similarly, a full-height curve v in I x J is a C? curve v(t) = (z(t),y(t)), defined for
t € J, such that the map ¢ — y(t¢) is a diffeomorphism from J onto J.

Two parametrized rectangles (¢, I x J, E), (¢1, I1 x J1, Eq) are compatible if I; =
I,J; = J,E; = E) and the diffeomorphism ¢ o ¢f1 from I x J to itself carries
full-height curves to full-height curves and full-width curves to full-width curves.

A full-width subrectangle of (¢,I x J, E) is a triple (1,1 x Jy, Eq) where Jp is
a subinterval of J, and there is a rectangle (¢, x J, E) which is compatible with
(¢, I x J, E) such that v is the restriction of ¥ to I x J;. We also sometimes simply
say that Ej is a full-width subrectangle of F. Similar definitions and considerations
apply to full-height subrectangles.

Let E be a rectangle and f : E — E’ be an C? diffeomorphism from FE to its
image E’.

Given a C? curve v = ~(t),a < t < b with non-vanishing tangent vectors, whose
image lies in F, let

. dry
y(t) = m
and
— _ 1
RUNETO)

denote, respectively, the tangent and unit tangent vectors to v at y(t).
For z = ~(¢) in v, let

J’yf(z) = | va(t) (W) |
be the Jacobian of f along v at z.
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We also use the notation z = 4(t), Z = v(t) when z = ~(¢) is a point in the curve

7.
Let ds(y) denote the arclength element on v, and let curv(y(t)) denote the

curvature of v at y(t). Set curv(y) = sup; curv(y(t)). Denote the arclength of v by

|yl
Define

Df,
V(2 f7) = %

and

\Ill(fuly) = Sup\Ijl(Zaf7P)/)7
ze”y

\IIQ(fa ’Y) = sup \IJQ(Zv.fv 7)
ze?y

Our first result is an analog of (2) for two dimensional systems.

Proposition 1. (Two dimensional dilation ratio estimate) Under the above
notation, if z,w € ~, then we have

Jyf(2)
Iy f(w)

Remark. If we introduce the quantity

dr (2, w)
|71

<exp |(Wa(f,7) + Wa(f,y)curv(y)| v ) (4)

U(f,v) = Wa(f,7) + Vi(f,y)curv(y)| v |,

then we can rewrite (4) in a form which is analogous to the one dimensional dilation
ratio expression:

J»yf(z) o dy (z,w)
e <o (). ?)

The quantity Wo(f,~y) is reminiscent of the one-dimensional distortion, but we
see that the ratio Wy (f, ) of the derivative norms and the curvature of 7 enter in to
the formula. In keeping with the analogy with one dimensional systems, we define
the distortion of f along the curve v to be the quantity U(f,v). Note that if v is
a line segment, then Wao(f,v) = U(f,~) since curv(y) = 0.

Next, we wish to consider analogs of the composition formula (3) for two dimen-
sional maps. The proper concept involves properties of the mappings on curves.

Let f: Ey — E}», g: Ey — Ej be C? diffeomorphisms of rectangles onto their
images. We say that g Markov precedes f, written f = g or g < f, if E, () Ey is
a full-width subrectangle of Ey and g~'(E} (| Ey) is a full-height subrectangle of
E,. In that case the map h = f o g is a C? diffeomorphism from the rectangle
E), = g_l(Eé'7 () Ef) onto its image Ej;. We call h a Markov composition of f and
g.
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Proposition 2. (Distortion formula for two dimensional Markov compo-
sitions). Suppose that h = f o g is a Markov composition of f and g and that Vg
is a full-width curve in B, such that v, = g(v,) () Ey is a full-width curve in Ey.
Let ), = 74 () En. Then,

\112(h,'7h) < \112(f7 'Yf)exp (‘I’(gﬁg)' 1}1 |> + \IJl(fa W)%(g,%)' Tn | (6)

EA |7 |
Now, we obtain an upper bound for the quantity W;(f,~) if the mapping f
satisfies certain cone conditions.
Let 0 < a be a fixed real number. The standard a—cones K4, K§, in R? are
defined to be

Kg={v=(v1,v2) : |v2| < af v [}, (7)

K ={v=(vi,02) : [v1 | < o v [}. (8)
A conein R? is the image of K* by a linear isomorphism P. For a subset E C R?
and mapping ¢ : E — GI(2,R), the function z — K, = ¢(z)(K}") will be called a
cone field in E. If ¢ is continuous we speak of a continuous cone field in E. We
sometimes use the notation K for the cone field z — IC,.
If K is a cone field in E and f : E — E’ is a C! diffeomorphism, we have the
push-forward cone field f,/IC on E’ defined by

f*(’c)fz = sz(K:z)
Similarly, if K’ is a cone field in E’, we have the pull-back cone field f*K’' in E
defined by

fA(K"): =D (K}).

These operations obviously extend to pairs of cone fields (K1, K2) by fi (K1, Ka) =
(fe (K1), fe(K2), [*(K1, K2) = (f* (K1), f*(K2).

Given cone fields K1, K2, we say that K! C K2 if we have K. C K2 for all z.

Let C = (C*,C?) be a pair of cone fields on E. We say that C is a disjoint pair of
cone fields if C¥ (N C: = {(0,0)} for z € E.

Given two linearly independent vectors, v,w € R?, we define the angle between
them, ang(v,w), by

<v,w >
ang(v,w) = arccos <7) (9)
[ v w]

Given the disjoint pair of cone fields C = (C*,C*) on FE, we define

ang(z,C",C*%) = inf{| ang(v,w) | : v € CL\ {0}, w € C \ {0}}
and

ang(C) = inf{ang(z,C*,C*) : z € E}
We call ang(C), the angle of the cone field pair C.
If ang(C) > 0 on E we call the cone field pair C separated on E. Of course, if C
is a continuous disjoint cone field pair on E and FE is compact, then C is separated
on F. In the continuous case, it is clear that
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0<ang(C) < g (10)

In this paper we will only consider separated cone field pairs, so, by convention,
when we say cone field pair we always mean separated cone field pair.

Let E be a subset of R?, let f : E — E’ be a diffeomorphism, and let C be
a separated cone field pair on FJE’, with C = (C*,C%). We call f a C — map
if fo(C*) C C* and f*(C®) C C*® (on their appropriate domains of course). A
curve v : t — y(t) in E is a C*—curve if £4(t) € Cy) for all ¢. Similarly, define

C®—curves.
ForaC—map f: E— E and z € E, let
my = inf 7| Df:(v) |,
vecu\{o} | v
Df: v
mS = inf 7| It @) |
vec; \{0} | v |

Thus, mY is the least expansion of Df, on vectors in C¥ \ {0} and an analogous
statement holds for m3.
Also, define

me = Zuelgm (z)m"(z).
We call m¢ the domination coefficient of the cone pair C (or of the pair (f,C)).
We say that f expands the cone field C* on F if
W e CONNY
vecu\{0},2€E | v |

We also say that f | C" is expanding.

We call f: E — E’ hyperbolic if there is a continuous pair of separated cone
fields C = (C*,C?) on E'|J E’ such that

1. fis a C-map.

2. f expands C* and f~! expands C*.

When we wish to emphasize the cone field pair C in this definition, we will say
that f is C—hyperbolic.

In several cases below the specific rates of expansion of a C— hyperbolic map will
be important for us. Accordingly, we set

R, = inf m¥, Rs = inf mJ, R = (Ry, Rs),
z€E zeE

and

Rupin = min(Ry, Ry) > 1.
When we wish to include the pair R = (R,, Rs) in the definition of hyperbolicity,
we will say that f is (R,C)—hyperbolic, (R,C%, C*)—hyperbolic, or (R, Rs,C*,C?)-
hyperbolic.

Remark. The concepts we have defined above work naturally with respect to
compositions. We have the following.
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1. Suppose g : E — E’ and f : B/ — E” are C—maps where C is a separated
cone field pair on E|JE'|JE”. Then, f o g is also a C-map.

2. Suppose g: E — FE’ and f: E' — E" are (R,C)—hyperbolic maps, then so is
fog.

Our next proposition gives a convenient estimate of W1 (f,~) for C—maps.

Proposition 3. Assume that f is a C—map with domination coefficient m¢. Let
B = sin(ang(C)) where ang(C) is the minimum angle of the cone field pair C =
(C*,C%), and let v be a C*—curve.

Then,

Let 0 < a < 1. For simplicity, if Ko = (K§, K§,) is the standard a— cone field
pair, and f is (R, Kq)—hyperbolic, we say that f is (R, a)—hyperbolic. We will
also use a pointwise version. We say that f is (R, «, z)—hyperbolic if D f(z) maps
KY into itself, is an R,—expansion on K%, Df~1(f(z)) maps K¢, into itself, and
is an Rs—expansion on Kj.

Our next result states roughly that an arbitrary composition of Markov related
(R, ) hyperbolic maps, each with bounded distortion along full-width K& —curves,
again has bounded distortion.

Ui(f,7) <

Theorem 2.1. Let Q be a standard rectangle, n > 2 be a positive integer, and
let E1,Es,...E, be a sequence of full-height subrectangles of Q. For 0 < a <
1, Rpin > 1, and 1 < i < n, let f; : E; — E! be an (R, «) hyperbolic map such
that f; Markov precedes fit1 and E; C Q. Let zy € Eq and let v, be a full-width
(C?) K&—-curve in Ey containing z1, and let curv(vy,) be its mazimum curvature.
Let Fy = fio fi_10...0 f1, zix1 = Fi(21), and let v, be the connected component
of Fi(v1) N Eiy1 containing zi41. For 2 <i<mn, let

—1
mi = Fi 3 (7s)-
Assume there is a constant Ko > 0 such that

sup \Ifg(fz,’}/z) < K. (12)
1<i<n

Then, there a constant K = K (Ko, R, curv(yy),|v1 |) > 0 such that

\I](Fn—lann) S K. (13)

Remark.

1. Corollary 3.4 in the paper of Palis and Yoccoz [10] contains a similar result
under stronger assumptions for both f; and f;l when 7, is a line segment.

2. The result does not require that the rectangles be closed. Thus one can apply
together with Proposition 1 it to prove Proposition 8.1 in [6], allowing one
improve the results of [6] as we indicated earlier.

Next, we move to the case of compositions of hyperbolic and parabolic maps.

It will be convenient to consider analogs of the distortion like quantity Wy above
using affine coordinates in which certain maps have diagonal Jacobian matrices.
Such coordinates are sometimes called adapted coordinates.
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Let z € R?, v, w be two linearly independent vectors in R?, and let © = | Z E w =

|Z)—| be the associated unit vectors.

Let e; = ( (1) ) ey = ( (1) ) be the standard basis vectors of R2. Let A v be

the affine automorphism of R? such that
1. Ay pw(z) =2
2. DA, »w(0) =€
3. DAzyvﬁw(ﬁ)) = €9

Given linearly independent vectors v, w, let

v, =Df,(v),w* = fo_zl(w)
Set

f = fz,v,w = Afz,v*,w © f © A;i,w* (14)

Given an embedded C* curve v = {y(t),a <t < b}, let | v | denote its arclength,
and, for zq, 29 € 7, let dy(zl, z9) denote the arclength of the subarc of v from z; to
zZ9.

Now, assume that f : E — E’ is C-hyperbolic with a separated cone field pair
C = (C*,C*) defined on EJ F'.

A C? curve v = 7(t) is a C*—curve if y(t) € E and #(t) € CY(y for all £.

Let z = () for some ¢, let 2 = (), and let w be a non-zero vector in C3,. Set
Yew = Az 2w (7). Recall that curv(y) denotes the maximum of the curvatures of
the curve v at its various points.

Define

D2 ~z,é.w Z)\€i, €5 ~
@(2,f,w,*y)=max| fJ ’ ( )( J)||/YZ;UJ|
(4,5) |sz,2,w(2)(el) |
and

2 F . . X
—  ax | D fz:z,w(z)(ehej)
@)#11) | Df, zw(2)(er) |

O(z, f,7) = sup O(z, f,w,”)

wEC}z

O(f,7) =supO(z, f,7)
zey

@2(27f7w77) ||:Yz,w |

O2(z, f,7) = sup Oa(z, f,w,)

weCy,
62(f5 ’Y) = sup 62(25 fa ’Y)
ze?y

We call O(f,v) the ©—distortion of f along ~, and we call ©(f,~) the
Og—distortion of f along . When ~ is understood, we refer simply to the
©—distortion or ©s—distortion of f.

Observe that if K C C¥ and K§, C CZ, and v is a horizontal line segment, then
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for some constant K depending on a.

Let I = [a,b], J = [¢,d] be two closed real intervals.

Given a curvilinear rectangle ¢ : I x J — FE, we define the vertical curves to
be the curves ¢({z} x J) for « € I, and the horizontal curves to be the curves
o(I x {y}) for y € J. The vertical boundary of E is the set consisting of the pair
of curves {a} x J, {b} x J, and the horizontal boundary is the set consistimg of the
curves I x {c}, I x {d}.

When the context makes it clear, we identify the parameterized rectangle with
its image and refer to the vertical and horizontal boundaries of F.

An admissible rectangle is a curvilinear rectangle whose horizontal bound-
ary curves are horizontal line segments and whose vertical boundary curves are
K, —curves.

If F is an admissible rectangle, and z € F, the full-width horizontal line segment
through z in F is called the E—horizontal line segment through z, and any of these
is called an E—horizontal line segment.

An image-admissible rectangle is the image E' = f(F) where E is an admissible
rectangle and f is an (R, «)-hyperbolic map. A horizontal curve in an image-
admissible rectangle E' = f(F) is the f—image of a full-width horizontal line seg-
ment in E. For z € E, we denote the horizontal curve through z by ¢5,(z).

We now consider parabolic maps.

Let W be an admissible rectangle, and K > 0. Let f be a C? diffeomorphism
and v be a C? curve in the domain of f. We say f maps v K —parabolically into
W if

1. both endpoints of v are mapped into the same vertical boundary curve =, of

W7
2. For any non-zero vector v tangent to v, | Df(v) | > | v |
3. At any point z of f(v) where the slope of the tangent vector is greater than
or equal to 1, the curvature of f(v) at z is greater than or equal to K
K

4. the curvature of vy, at any of its points is less than .

Observe that, it follows from these definitions that there is a unique point z/.(vy) €
f(v) at which the tangent vector to f(v) is parallel to some tangent vector to ;.

Let E,W be rectangles, and assume that W is admissible and FE is image-
admissible.

Given a C? plane curve y(t) = (z1(t),z2(t)), t € [a,b], with first and second
derivatives 7/ (t) = (2} (t), 25(t)), 7" (t) = (21(t), z2(t)), we define the C! size of 7 to
be

= HOIREAGEN
R M EOINEACY)
Similarly, we define the C? size of 7 to be
R R L CINETOINEON)

Given two curves v,(t),v,(t), t € [a,b] we define the C* and C? distances,
respectively, between them to be

di(v0s71) =17 — M |Cl7
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and

d2 (Yo, 71) =170 =M le=-

The arclength of the curve 7 is denoted | 7 |.

Let K > 0, wesay f maps E K —parabolically into W if f maps each horizontal
curve in £ K —parabolically into W.

When the domain E of f and the constant K are understood, we sometimes
simply say the the map f is parabolic.

Next, we consider certain compositions h = f o p o g where f, g are hyperbolic
maps and p is a parabolic map.

Let f: Ey — E%, g: Eg — Ej be (R, a)—hyperbolic, with Ey and E; admissible
rectangles. Let W be another admissible rectangle containing F; as a full-height
subrectangle, and suppose that p : E; — W is a C? diffeomorphism from E; into
W. We say

f=p-yg (16)
if
L. p(E;) = (po g)(Ey) (| Ey consists of two connected components Z1, Z» each
of which is a full-width subrectangle of E';
2. the rectangles (p o g)~!(Z;) have full-height in E, for i = 1,2, and
3. E} contains at least one full-height vertical line segment

Assuming that f = p = g, let E,; = (pog)~Z; for i = 1,2. The rectangle E}, ;
is a full-height subrectangle of F,. Let

h; denote the restriction of fopog to Ep ;. (17)

We will be interested in conditions which guarantee that the map h; is also
(R, a)—hyperbolic, and we will obtain certain distortion estimates of h; on horizon-
tal line segments in £}, ; in terms of distortion estimates of g and f and geometric
properties of f,p,g.

Figure 1 shows the geometric structure of the maps f,p,g.

Given a rectangle F, let lw(E) be the largest full-height subrectangle of E such
that each point w € lw(FE) contains a full-height vertical line segment in E. In
general, lw(FE) may not exist, but if F is image-admissible, and its top and bottom
boundaries are close to each other compared to their lengths, then lw(FE) does exist.

For each point w € E}, we define the principal vertical line segment, £,(w),
associated to w to be the full-height vertical line segment in lw(E}) which is closest
to w. Thus, if w € lw(E%), then £,(w) is simply the full-height vertical line segment
through w. Otherwise, it is the vertical boundary curve of lw(E}) which is closest
to w.

For w € E} with w = f(z), let £, (2) = f~(€,(w)). This is the principal vertical
curve of z. It is a K§ full-height curve in Ey. For any curve 7 in Ef, and z € v
such that v £, (z) # 0, define the vertical curve distance of (z,7) to be

ved(z,y) = disty(z, 0, (2)),
where disty(z,0;'(2)) is the arclength of the shortest subarc of v joining z to

YN LH(2).

Define the mazimum vertical curve distance of v to be
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Zy

Ef
. | \
/ b (E) p(E) Z,
/)
hil Epo E
F1GURE 1. The maps f,p, g
ved(y) = sup wved(z, 7). (18)

zey
Notice that if each point of E} is contained in a full-height vertical line segment
in EY%, then, ved(y) = 0.
Define the quantity wy(z,7) to be the infimum of the lengths of E'y—horizontal
line segments which meet . That is, if £(7) is this collection of horizontal line
segments, set

we(z,y)= inf | 2| 19

fen)= dat |1] (19)

For a curve v, let mincurv(y) denote the minimum of the curvatures of v at any

of its points, and recall that curv(y) denotes the maximum of the curvatures of
at any of its points. We call

veurv(Ey) = max curv(l,(2))
zeky

the vertical curvature of Ey.

For a point z = z; € Z; with associated points zg = (po g) 1z, 20 = f(z), we
have the cone fields C*(z) = D(po g)(K&(20)),C%(2) = Df~1(22)(K§(22)). Define
the minimum angle

ang def inf.cz,ang(C*(2),C*(z)). (20)

We remark that the assumptions of Theorem 2.2 below will imply that ang > 0.
In the setting of Theorem 2.2, f, p, g will be maps such that f > p = g, v, will be

a full-width horizontal line segment in Ey, 29 will be a point in v,, z1 will be g(z0),
and zo € Ey will be p(z1). The map h will be one of the h; defined in (17), the



358 SHELDON NEWHOUSE

curve v, will be the Ey—horizontal line segment passing through z2, and the curve
75, will be the corresponding line segment v, () Epi = (po g) " ((p o 9)(v,) N Zi).
Letting a ~ b mean that § is bounded above and below, it will turn out that, for

the curve v = (p o g)(v},), we have
dist(z1,0, (1))

ved(y) ~ =
ang
For notational brevity below, we write
@(f) = @(225 fa ’Yf)a G(h’) = @(207 ha’Yh)v @(g) - 6(2079779); (21)

and

O2(f) = O2(22, f,7¢), O2(h) = O2(20, h,71,), O2(9) = O2(20,9,7,); (22)

For a line segment « in F,, we set

vy o L det(Dg(2) |
and
_ S (g:)
Jl(g,v)—iang -

Welet Oieri(Ef), Orignt (Ey) denote, respectively, the left and right vertical bound-
ary curves of Fy.

Let v be a curve both of whose boundary points lie in the same component of the
vertical boundary of the rectangle Ey, and let 0y (Ey) denote this vertical boundary
component. Define the critical distance from vy to Ef to be

cdist(y, Ey) = max dist(z,0~(Ef).

For a map f, and a point z, set

Jf=Jf(z) = |det(Df(2)) | (24)
In formulas (25)—(52) below, the quantities Jf and f, are to be evaluated at
appropriate points z € 7, and the quantities Jg and g1.(2) are to be evaluated
at appropriate points z € v,. All of the inequalities are assumed to be uniform in
those points z.
Recall from (19) and (18) that, for z € E; and « a curve through z, the quantity
wy(z,7) is the smallest width of horizontal line segments meeting ~y, and ved(z, )
is the smallest distance along v to the pull-back of the closest vertical curve in E}

to f(z).

Theorem 2.2. (Composition formula for distortion of hyperbolic and par-
abolic maps)

Let 0 < o < %, 1 < Rpin, Ko > 0 be constants. Using the above notation,
assume that f : By — E}, g:Ey — E are (R,a)—hyperbolic, p: E, — W is a C?
embedding, and that f = p > g. Fizi =1 ori= 2. Let h be the mapping h; defined
in (17) above with corresponding rectangle Z;, and let E, = Ep,; = (po g)~Y(Z;).
Let zo be a point in Ep, let v, be the E,—horizontal line segment through 2z, and
let v, = v, En. Let 21 = g(z0) € By, 22 = p(z1) € Ey, and let v, be the
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E;—horizontal line segment in Ey through zs. Let pp(z2) = ved(z2, (p o g)(74)),
wy(z2) = wy(z2, (pog)(vy)), and let the various ©, 02 quantities be defined as in
(21) and (22) above.
Then, there are positive constants K1,Cy > 1 and 0 < ¢y < 1 depending on
Ky, a, the C? size of p, and the C' size of p~!, with the following properties.
Suppose that p maps g(”yg) Ko—nparabolically into W, and, in addition,

Jf

1
< -, (25)
| fiz |2 9
|7 | < Ko cdist((pog)(v,), Ey), (26)
2
max(1 @(g))| AN Ko (27)
3 a/ng5 )
pr(22)
max(1,0 < € an, 28
veurv(Ey) < eomin(1, mincurv((p o g)(7v,)), (29)
and
Rpin - ang > Cy. (30)
Then, h is also (R, «)—hyperbolic.
Moreover, setting
o 2
v = 22() O 1] O | (31)
ang? ang® ang®*  ang |7, |
vi = v+ Ji(f,74), (32)
and
S) Y C)
vy = —34%;-+ | fJ (g e | 22 10
ang ang ang | v, |
O(g)J S}
+ (9)J1(9,78) | 7 | + 2(9) | vn | (33)
ang [y, ang |7,
we have
@(h) S @(f)eibp(KlVl) + K1V0 (34)
and
@g(h) S Klyg. (35)

Remark. The expressions (31)—(35) above involve many terms and are com-
plicated. With a view toward eventual applications, we wish to simplify these
estimates. This will involve addtitional assumptions which, together with the cor-
responding theorems, we describe next. Our principle goal is to give conditions
under which compositions of many hyperbolic and parabolic maps have uniformly
bounded distortion. This is the content of Theorem 2.5 below which may be re-
garded as one of the main results of this paper.
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Consider a composition h = fopog with f,g,p,74,7,,7; as in Theorem 2.2.
Note that this is actually an abuse of notation. The domain of the composition
fopogisa union of two full-height subrectangles E} ;1 and E} o of the domain
E, of g. We continue to use h to denote the restriction of f o po g to one of the
rectangles Ej, ;.

Set Sy = g(v,)-

In the following the numbers §; will all be suitably small positive constants.

Assumptions (A):

J
/ < |7f |7 (36)
| fiz | ang
and, there are constants d1,02,d3 in (0,1), Ko > 1 such that
B73 8, |
ang <1, | S, | <1, < Kyl S <, 37
|(]| angg 2|(]| |’7g| ( )
O(g) < 1| 5, [, (38)
K| Sy | > ang > K| 5, [, (39)
and
s
|7 |

Then, we have the following estimate for ©(h):

Theorem 2.3. Let K1 be as in Theorem 2.2, and let 63 be as in (40). In addition to
the hypotheses (25)-(30) of Theorem 2.2, suppose that assumptions (A) are satisfied,

and set
-9
S) 1=0s
vy = 2(J;)+<|7h|) '
ang |7y |

O(h) < O(f)exp (Kyvs) + Kyvs. (41)

Then, we have

To obtain a simplified estimate for ©2(h), we make some more assumptions.
Let L1 > 0 and Lo > 0 be such that

O(g) < L1, exp <%M> < Ls. (42)
ang | v, |
Set
K3 = max(l,KlLl,Kng,Kg). (43)

Assumptions (B):

K2(1—53)(1+252)| S, |(1*53)52 <1, (44)
J 1
33792 < -, (45)
ang®| g1z | 4
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1-0 0
Ksl 7, | 3(|7h|>3<;
ang [y | 4’

Oa(f) < |7, [0,

_63
62(9) < | ’Yg |1 )

and

K3Jg ( 1 >1‘53<1
i

ang?| g1z | \| 7 |
Assumptions (C):
The map h = f o p o g satisfies
Jg 1
ang?+9s| g1, |1+5'g 3K3
Jg s _ 1
——— | [ < 5
ang®| g1z | 3K

and

0
Ll
ang [, 1) = 355

We make some further definitions.

361

(52)

We call the map h = fopog a basic central composition map (or bec map) if it
satisfies the hypotheses (16), (25)—(30) of Theorem 2.2, and Assumptions (A) and

(B).

Observe that, for simplicity of notation, we continue to consider h as the restric-
tion of the actual composition f o po g to one of the connected components of its
domain. A similar remark holds for all of the maps h, H, Hj;, f, g we consider below.

The domain of each such map is a single rectangle.

Consider a sequence g;, 0 < j < k of (R, «)—hyperbolic maps such that each

def .
H; = gj_10pog;isabcc map.
Let hg = go and, for 1 < j <k, let

hj=goopogio...opogj,
and assume that

hj—1 = p > gj-

For each j, let E,,, Ej, denote, respectively, the domains of the maps g;, h;.

These are admissible rectangles.

Given a point zj in Ep,, let zx—1 = po gi(zk), 2k—2 =P o gh—1(2k—1)s.--, 20 €

E

go-
Thus, each z; € By, C Ey;.

Let v, denote the full-width line segment in E,; which contains z;, and let
Yh, = Vg (Ep;. Let ang; denote the minimum angle as in (20) obtained by

substituting h;_; for f and g; for g.
The sequence
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T(Zkuhk) = ((’qua ’thaangk)v (ng,lv /th,17angk71)7"'7 (/Yglu /thuang1))

will be called the triple sequence of the pair (zx, hy). It is defined for each point
2, in the domain Ej, of a composition hj as above.
A central composition map (or cc map) is a composition

hi=goopogiopogs: - 0po g (53)
as above such that, for each point z € Fj, the triple sequence T'(zy, hy) satisfies

| Vhj_a | —0s | Yh; |

2 <K2|ng | | |
J 9i

<1 (54)

foreach 1 < j <k.

We call the map hj, the concatenation of the maps Hj, for 1 < j < k, and we
write H = hy = HH ® Hy ... ® H.

Note that the maps g; may themselves be concatenations of bcc maps. However,
since each map Hj is (R, a)—hyperbolic and R,,;, > 1, there is a maximal number
of bce maps whose concatenation gives hy.

We define the rank of the cc map H to be this maximal number of bce maps
whose concatenation gives H. It may be larger than k.

The cc map H is called an enhanced cc map or ecc map if H can be written as
a composition H = f opo g in which f and g are cc maps and assumptions (16),
(A), (B) and (C) are satisfied.

We now get the following simplified estimates for Oz (h).

Theorem 2.4. Suppose that h = fopo g is a becc map or a cc map of rank k > 2
where [ is a cc map of rank k — 1 satisfying the above conditions. Then,

9,(h) < (' Th |>1_53 . (55)

| g |

If, in addition, h is an ecc map, then we have

1753

Oa(h) <[y | (56)

Remark. It is natural to ask when the expressions in assumptions (A), (B),
and (C) are satisfied in applications. While the geometric meaning of some of these
expressions is clear, others may be somewhat more opaque. Also, there often are
further relations between these quantities in typical applications. To help make
the expressions involved more intuitive, we give two tables below which informally
describe some situations which guarantee that some of the expressions above occur.
All numbers in the second column are assumed to be less than 1. In some of
the expressions a << b means that a < ¢ b for a small constant €, and in other
expressions, it means that a < b° for some real number ¢ > 1.

Note that the quantity ang? is roughly the maximal distance between points of

p(vg) and Ef.
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expressions sufficient conditions
EFANE
(37), (40), (46) “ang? ~ T << 1
(39), (44) ang ~ Sy << 1
(45)7 (49) | gjq |2 << min(a’nggaan92| F)/j |)
(50), (51) . ng | << ang?®
lx
(52) Ll << ang.
Vg |

A second table is also useful.

Let 63 > 0 be chosen so that (46) holds. Then, choose 01,2 << d5 and get the
first two lines of the above table. Using line 2, we have | Yy | < ang?, so we have
ang®| v; | < ang* < ang®, and we can write-

expressions sufficient conditions
(37)a (40)a (46) |a71gf]2| ~ |7)/—h| <<1
(39)7 (44) ang ~ Sg <<1
(45), (49) Igig = << ang?| 75 |
(50), (51) |ng << ang®
1z
L 1)
(52) (L) < ang.
[, |

Our final result gives an analog of Theorem 2.1 for cc maps of arbitrary rank.
Given the cc map H = ggopogiopogs---opo g of rank k > 1 expressed in
terms of its bce components, let

ho = go

hi = goopog

ha = hiopogs
hzy = haopogs
hy = hg_10pogg.

For 0 < i < k, we call h; the the i — th left-segment of H. Of course, each h; is
a cc map itself.

Theorem 2.5. Let H =gypopogiopogs---opogr be a cc map such that there
is a constant K4 > 0 such that

O(g:) < K (57)
foreach 0 < i < k. Let zj, be a point in Ey, with associated triple sequence T'(zy, hy).
Let 03 be as in Theorem 2.4, and let K1 be as in Theorem 2.35.

Assume further that

| Y, |
and there is a constant 0 < & < 1 such that for each i € [2, k],

©2(ho) (| Yh, |>1_53 Ky

< — 58
ang% ’ - 2K’ (58)
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hi— ’Y i
1 F.’ ( h
ang- | yg. | | ?gi

) < Ky (59)

Then,

k k
O(H) < <K4Z§i> exp <K4Z§i> : (60)

In particular, if

then,

@(hk) < Kj5
forall k> 1.

Remark. One way to interpret condition (59) is the following. As we add the
compositions p o g; to h;—1 to form h;, the ratios

| Vhy |

| i |
can decrease exponentially. Also, the angles ang; can decrease exponentially. How-
ever, the ang; decrease slowly enough so that the quantity

| Yhi_1 |
ang?| gi—1 |

still decreases exponentially.

3. Proof of Proposition 1. Let I be the domain of the curve t — «(t), and let
t1,ta € I be such that v(t1) = w,~(t2) = z. Replacing v by t — v(—t) (and I by
—1I) if necessary, we may assume that ¢, < ts.

Write Z(¢) for the unit vector in the direction of 4(¢) and s = s~(t) for the
arclength parameter. All equalities and inequalities in this proof will be up to
multiplication by possibly different constants K.

First, we have

| Dfya) () [ _ g )
|Dhmxam»|“ew(ﬂab@th@@nﬁ>

ta
exp (/
ty

Next, using standard estimates and the Cauchy-Schwarz inequality, we have

IN

d
G 1o8| DI GO0 | ).
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d 1
iox| DG || = |

Dy ST Do) "
< EDf'y(t)(E(t))aDf’y(t)(z(t)) >
| Dfyy (1)) |

1
| [ Dy E0) |
_ 14D50GEw)|
= 1 DhwED) ]
| D2 £y (5(1)),2()) | + | Dy (37(0)) |

IN

| Dfyay(Z(1)) |
< | D2 fyiy(Z(1)),2(0) || 5(8) | + | Dfyey || £2(1) |
- | Dfyn(Z(1)) |
| D? fy0) (1), 2(1)) || () | e
< T IbhwemTdlEEn]
Moreover,
d d ds
0| = || |5
= curv(y(t)) - [ () |-
Hence,

| D2 fy (1) 2(0) |
OIS
() euro(y ()] A1) |

| D2y ). Z0) [ || 40
DhoED 1]

(

LU (feurv(y ()] | m |

< (W2(f,7) + a(fsy)eurv(v)] v 1)

}—mgwm NEO) |} <

| 4(t) |
|71
which implies (4) and completes the proof of Proposition 1. O

4. Proofs of Propositions 2 and 3. We first give the
Proof of Proposition 2: Consider maps f, g, h, etc. as in the statement of Proposition
2. For a point z in a curve 7, let Z denote the unit tangent vector to v at z. So,
consider z € 7,,.

We wish to estimate

in terms of f,g.
Note that
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Dg.(Z)
| Dg-(Z) |”
and, the Mean Value Theorem gives us a point z; € 7, such that

ﬁ:

| Dg., Z1) Il i | = vy |-

We have
| D%ha(27) |
= |7 |
| Dh.(z) |
_ | D*f4:(Dg:(%), Dy (%)) | +| D fy:(D*g:(%,7)) ||,Yh |
| D f4:(Dyg=()) |
< |D2fgz(ﬁug_z)||7f||Dgz(E)||’7h| |ngz||(D2gz(ZE))||,y |
- | D fg:(77) | |7y 1 [ Dfe=(g2) | Dg-(z) | ™"
_ | D?f4:(32.72) | 74 || Dg-(3) | E A (D%g:(%,%)) || |
| D fg:(9%) || Dy, (Z1) | | Dfy-(2) | Dg-(z) | ' "
B Y
< Us(f,vp)eap (‘I’(gwg)| . |> + U1 (f, w)%(m%)' n |
| g | | g |
Taking the supremum as z varies in v, gives (6), completing the proof of Propo-
sition 2. O

Proof of Proposition 3. Assume the notation of Proposition 3.

Thus 5 = sin(ang(C*,C*)) and me is the domination coefficient of C.

Let z € v and vy, v2 be unit vectors in T,R? with vy € C¥ tangent to v. We will
show that

| Dfx(v1) | < ?

Let w € C3, be a non-zero vector, and let
_ Dffl(w)
| Df7 (w) |

Then, w; is a unit vector in C: and we have

m; < | Df.(v2) |

S u S u
mZ mZ mZ mZ

: <1+mc) | Df.(e2) | (61)

wq

| Dfe(wr) | < (m?)~" =

(62)
Let < wy, vy >=1. Since C*, C* are disjoint cone fields, we have that | n | < 1.

Writing v1 = a1v9 + agwy, we have the equations

<v1,v2 > = Q1+ Q2N
<v,wp > = o1n+ o2

and the inverse equations

a; 1 1 —n < i, v9 >
()= ) (22 @

from which we get
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max(| oy [, [az |) <
Thus,

| on [| Df(v2) [+ ] az [| Df(w1) |
2 1
o ) D) |
2

1 — cos(ang(C¥,C%))?
2 1

=57 (1 + m_c) | Df.(v2) |
- 2 1+mc

e

| Df=(v1) |

IN

IN

IN

(1+ )| Df.(v2) |
me

) 1220w

as required for (61). O

5. Proof of Theorem 2.1. We first need a lemma which we call the Ezponential
Increment Lemma. In this paper we only need the special case of the lemma in
which b,, = ¢, for all n. In future applications, however, the lemma will be needed
in a form with b, < ¢,. Since the proof is practially the same, we present this
slightly more general form here.

Lemma 5.1. (Exponential Increment Lemma). Let (a;), (b;), (¢;),4 > 0, be

three sequences of positive real numbers.
Assume that

ag < boexp(cy), (65)

and

n>0 = a, <an_1 exp(cy) + by. (66)

Then, for each n > 0, we have

an < < bl-) exp < cl-> ) (67)
i=0 i=0
Proof. By induction on n.

The inequality (67) is true for n = 0. Assume that it holds for n.
Then,



368 SHELDON NEWHOUSE

nt1 < ap 6Ip(0n+1) + bnt1

< (Z bi) exp (Z Ci) exp(Cny1) + bny1
i=0 i=0
n n+1
< (Z bi) exp (Z Ci) + bnia1
i=0 i=0
n n+1 n+1
< (z bi) - (z ) - (expzq)
i=0 i=0 i=0
n+1 n+1
< ( bi> exp < cz-> .
i=0 i=0
O
In particular, if
> b < o0, (68)
1=0
and
> e <o, (69)
i=0

then we have the following upper bound for the sequence (a,),n > 0.

o0 o0
an < <Z bl-) exp <Z cl-> ) (70)
i=0 i=0
Moving to the proof of Theorem 2.1, we shall prove the following two separate
statements.

1. There is a constant Ko > 0 such that,

Vo (Fr_1,mn) < Ko (71)
2. There is a constant K3 > 0 such that, for each 1 < i < n,
curv(y;) < Ks. (72)

Once (71) and (72) are established, we proceed as follows.

Since each f; is a (K%, )—map. and the composition of (R, a)—hyperbolic
maps is again (R, «)—hyperbolic, we have that F,_; is a (K%, K8 )—map. Thus,
using Proposition 3, we can find a constant C'(a) > 0 such that

U1 (Fo-1,m) < C(a).
By definition, this gives

U(Fn1,7n) = Vo (Fr1,mn) + Vi (Fn1,nn)curv(nn)| na |
< K+ C(a)K3| Q|
def g

as required.
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Let us proceed to prove (71). We will apply Proposition 2 and Lemma 5.1.
For eachn > 2,let h = Fy_1, v, =M, 9= f1, Yg="71, [ =[n-10fn—20...0

f2,7¢ = 9(mn).
Since f and g are (K&, K3,)—maps, we have

max(¥1(g,7,), ¥1(f,7;)) < C(a).
Letting | @ | denote the width of @, we have that |, | < | Q| for each i, so,
with Ky = Ko + C(a)curv(y,)| Q |, we have

V(g,7,) = Ya2(9,74) + Yi(g, vg)curv(y,)l v, |
Wa(g,v,) + Cla)eurv(y,)| Q |
Ky

Hence, using Proposition 2, we have

INIA

\IJZ(anlyTln) = ‘IJQ(hvﬂ)/h)
< Wa(fyp)eap (W(g,vg) || 1’1 D + C(a)‘l’z(gmgﬂ| Zh ||
g g
< Wa(f, vy )exp <K4|| 1}1 ||> + C(a)K0|| ’;h || (73)
g g

From the Mean Value Theorem, there is a point 7,, € 7;, such that

[Tl
|J”Yh,Fn(Tn)|

Since, Fj,_1 is a composition of n — 1 (R, K, K§ )-hyperbolic maps, we have

lvn | = (74)

1

- < R;nJrl,
|nyth_1(Tn)|
giving
Y Y -n -
] [ d o ponity g, 1, (75)
lvg T
Now, for n = 0,1, 2, set
by, = ¢, = maz(Ko,1) = ap = aq, (76)

and, for n > 3, set b, = C(a)KoR;™ | Q|| v, | " and ¢, = KuR;™ M Q|| v, |71,
and a,—1 = Yo(frn-10 fn_2...0 f2).
Then, setting

Ky = (Z bn)exp(z Cn)s
i=0 i=0

and using our definitions and (73), we may apply Lemma (5.1) to give

o (Fr—1,mn) < Ko
which is (71).
Next, consider statement (72).
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This uses standard graph transform methods as in [3] except that our diffeomor-
phisms have unbounded derivatives. Since the image curves 7, have their lengths
bounded below, the methods are entirely similar to those use in the proof of Theo-
rem 6.1 in [6]. So we will not repeat them here.

We do note that similar methods will be used below in the proof of Lemma 6.8
below, a case in which the lengths of the image curves may be short, and must be
included in the estimate for the curvatures.

This completes the proof of Theorem 2.1. O

6. Proof of Theorem 2.2.

6.1. Some simple matrix estimates. We consider the standard matrix norm
|A|= sup | Av].
v |=1

First, we recall the following elementary estimate for the deformation of angles
under linear isomorphisms.

Lemma 6.1. Let A be a 2 x 2 real matrix, and let u, v be two linearly independent
unit vectors. Then,

, | detA| ,
| sin(ang(Au, Av)) | = TAu | Av] || sin(ang(u,v)) |. (77)

Proof. Using the standard cross product of planar vectors, we have

| ux v =| sin(ong(u,v)) |
and
|detA||uxv| = | Aux Av |
= | Au || Av || sin(ang(Au, Av)) |.
Now, (77) follows immediately. O

Next, we give some norm estimates of the matrix DA, ,, .
Lemma 6.2. The following estimates involving the affine map A, , ,, are valid.

V2
(ang(v, w)) |

DA, yw| < : 78
| Uy | |SlIl ( )

and

| DAL, | < V2. (79)

Z,0,w

Proof. We first take the second inequality (79).
Let a = (a1, az) be a unit vector so that a? + a3 = 1. Since ¥, w are unit vectors
and they are the column vectors of DA . we have

ERCRTIR



DISTORTION ESTIMATES FOR PLANAR DIFFEOMORPHISMS 371

|DA;},w( o ) |

| 10 + asw |

lai|[v]+]az || w]
lai [+ a2 |

sup | a1 |+]az|
a?—i—a%:l

V2

IA A IA

as required.
Next, we proceed to the first inequality.

Writing
() o=()
0= , W=
V2 w2
we have
DAL = ( B >
’ ]
Let
(5 )
—V2 U1
so that
1
DAz,v,w = 7_13
det(DAZvw)

Since the columns of the transpose B! are unit vectors, the argument for (79)
gives that | B! | < /2.
Now, (78) follows from the facts that

| det(DAZ, ) | = | sin(ang(v,w)) |
and

| B|=|B"|.
U

6.2. Some linear estimates for hyperbolicity. Here we consider some simple
criteria for hyperbolicity which will be useful later. The usual definitions involve
invariance and expansion properties for separated cones as we considered earlier.
In the case of bounded derivatives, it turns out that hyperbolicity is implied by
expansion by the linearization L of a map f on a cone field C and expansion by L~*
on the complementary cone field C¢ (so-called co-expansion; e.g., see [9]). In this
section we give a criterion in terms of expansion and co-expansion on cones which
overlap to some extent. This insures that the angles between forward and backward
invariant cone fields are bounded below even if the maps under consideration have
unbounded derivatives.

Let R? = E; @ E, be a direct sum decomposition, and let L : By ® Fy — E1 ® E»
be a linear automorphism with matrix
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Li1v Lo
< Lo1 Lo > ' (80)
In this section we use the max norm induced by the decomposition E; & E5. For
v = (v1,v2) with v; € E;, set
v =10 e = maz(| vr || va ).
Given a subset £ C R2?, and a real number A > 1, we say that L | E is
A—expanding if, for any v € R, | Lv | > A| v |.
For a > 0, define the cones

Ko(Ey, Ba) = {v = (vi,v2) : | v2 | < af v1 [},

Ka(Eg,El) = {’U = (’1)1,’()2) : | (%1 | S Oé| (%) |}

Given 0 < a < 1 and a pair R = (R,, Rs) of real numbers with R,.;, =
min(Ry, Rs) > 1, we say that L is (R, a, F1, E3)—hyperbolic if the following con-
ditions hold.

L(Kq(F1, E2)) C Ka(E1, Es),

Lil(Ka(EQ, El)) - KQ(EQ, El),

L | Kq(FE1, E2) is R,—expanding, and

L™' | Ko(Es, Ey) is Rs-expanding

Let J = | L11Lo2 — L12Lo1 | denote the absolute value of the determinant of L.
The next proposition gives a simple and useful criterion for hyperboliciity.

Proposition 4. Let 0 < o < 1, R = (Ry, Rs) be such that R,,;, > 1, and let
L, Ey, E> be as above. A sufficient condition for L to be (R, a, Ey, E2)—hyperbolic
is that

L| Ky (Ey, Ey) is R, — expanding and L™ | Ky (Eq, E1) is Ry — expanding.

(81)
These conditions will be satisfied provided that
af Ly | =] Lia | > Ry (82)
and
a| L11 |—|L21 |ZJRS (83)

Proof. Assume that (81) holds.
Since Ka(El,EQ) C K& (El,EQ) and Ka(EQ,El) Cc K
to prove that

(Es, E1), it is enough

L
[e%

Ka(E1, E2) is L — invariant, (84)

and

Ko(Ey, Ey) is L' — invariant. (85)

To prove (84), we observe that if v € Kq(Eh, E2) and Lv ¢ Kq(Eh, Ez), then
v#0and Lv € Ky (E2, E1). Thus, we have
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| Lv| > Ry|v|= Ry, L7 *Lv | > R Rs| Lv |.
Since R, R, > 1 this gives the contradiction | Lv | > | Lv |.

Repeating the argument with L~! instead of L gives (85).
Now, assume that (82) holds.
| v1 |

If v = (v1,v2) EK&(ELEQ), then | vy | < =5, s0

| v1

|v |ma;ﬂ —_—

@
Hence,

| Lv |,0e = | L1iv1 + Ligvo |
v
> o In 1 Ly
(@]
v v
2 OA|L11||1|—|L12||1|
a a
> g,
a
2 Ru|v|ma;ﬂ

which is the first half of the hyperbolicity conditions.
Now, the inverse matrix of L is

1 Loy —Lqo )
86
Li1Las — LiaLoy < Loy Ln (86)

If v = (v1,v2) € K1 (B3, En), then | vy | < |1&2 |7 S0

0 e < 2

maxr — % :
Hence,
1 1
[ L7 e 2 j| —Loyv1 + Liyvg |

1 | v |

> = Lii|—|L

2 Slallu|=[Lal)—

N JRS | (%) |

- J «

Z R5| v |ma;ﬂ

as required. O

6.3. Distortion for compositions of maps with diagonal Jacobian matrices.
The first step toward our proof of Theorem 2.2 involves controlling the quantities
O(h),02(h) where h = f o g provided that f,g satisfy certain cone conditions
and have Jacobian matrices which are diagonal at certain points. This simplifies
calculations of the second order partial derivatives of the composition h = f o g.
Once we have done these calculations we will apply them to the general case of the
theorem.
Throughout this section, for v = (v1,v2), we use the maximum norm
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|V | pae = max(| v1 || vz |)

and its induced norm on linear transformations

| L|= sup |Lv]

v| =1

max

mazx”®

Given a map f = (f1(z,y), fa(z,y)), defined on a set F, a point z € E, and a
C? curve v C E with z € , set

Bir(2, ) = max{l Viaal2) |, |}

i=1,2 | | f1(2) |
D1 (2, f,7) = max {H%:((j))””'}
Poa(2, f, ):P%§{||J;f:((5))|l|7|}

(I)(vav 7) = max(fl)u(z,f, 7)7(1)12(‘2’ [ ’Y)a (1)22('2’ [ ’Y)a)
(I)2(27f7 7) = max(q)m(zv f?’Y)v (1)22(27f7 7)7)

For any diffeomorphism ¢ defined at a point z, set

1
€22(¢) = €22(,2) = ————7,. (87)
| D || D" |
Observe that we always have
In addition, if the Jacobian matrix D¢, is diagonal, and
_( b(z) 0 .
Do = (45D L) with0<65,(2) | < 60,2 |
then
| $9,(2) |
€22(¢,2) = — (89)
| $12(2) |

Lemma 6.3. Let f : Ef — E}, g : E;, — E/ be C? diffeomorphisms of rect-
angles such that g Markov precedes f (i.e., f = g), and let h = f o g and
En = g (B, Ef). Let z € Ej, be a point such that Dg. and D fy. have di-
agonal matrices such that

| fay(92) | < | frz(g2) | and | g2y(2) | <[ g12(2) |- (90)
Assume that the straight line through 2 meets Ey in a full-width Ej—curve v,
and consider the associated curves v, = v, En,v; = g9(v,) ) Ef.
Then,

Y Y
(2 h) < Blgz, f17p)exp <w2<g,vg>' h')w(, gyl (o
| v | [ 7, |
and
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-
Qa(z,h,7y,) < <I>2(gz,f,7f)622(972)63:p<\I/2(g,7q)|Wh|>

+ Bl 2 (92)
Proof. Suppose f = (f1, f2),9 = (91, 92), h = (h1, h2).
Then,
91y(2) = 920(2) = fry(92) = faa(92) =0 (93)
and,
| flm(gz) | >0, | 911(2) | >0 (94)
From conditions (90), (93), and (94), we have
_ _ | fay(g2) | _ _ 1 g2y(2) |
e22(f) = €2a(f, 92) = lewa €22(g) = €22(g,2) = m-

In the following, all partial derivatives of g are at the point z, and all partial
derivatives of [ are at gz = g(z2).

By the Chain Rule for partial derivatives, we have the following formulas for
i=1,2

hiz = fia:glz + fingm ) hiy = fiz-gly + fingy (95)

hiza: = fzza:glzz + fia:yg2zgla: + fiyzgla:g2z + fiyygi (96)
+ fztglmw + fingmz

Pivy = firn01y910 + [y 92,900 + fiye01yGon + fiyy 92y e (97)
+ fizglmy + finZ:L'y

Riy = Jinll + [iay90,90y + + 100 00,90, + foyy 02 (98)
+ finG1yy T fiy 954,
Using (93), we get

hy, = f1.9.. (99)
e = fran2 + finGre + [y G (100)
Pivy = fioy 92,910 + [io910y + [iy 920, (101)
Piyy = fiyyg22y + fiabryy + Fiy 9o, (102)
and,
| = [z e vl
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hiLE i x x
— Jiny ()|le|+|gly|+622(f)|92y|
hlz flm | lz| | 117|
hiyy fz'uu | 1 91yy | | | g2y |
< 1 e92(9)%] gra | + 2 + e (f) 2
’hlz flz |gm| |glI|

Writing these estimates for each i separately, we get

Iz frox | 9122 |
hiz ﬂglm + o ]
‘}Zf; f;: 91s| + €22(f) ||9::||
‘f;:my J};y €22(9)] g1z | + ||g;19;y||
‘ };;lzy ‘ ?:j €22(9)| g1z | + €22(f) ||gg212y||
‘f]L”Llly: ];1:/ €22(9)%| g | + %
‘]22—11’: < % €22(9)*| 912 |+622(f)%

Since €e22(f) < 1, we get

g
Qy1(h,yy,) < @11(f,7f)|91z|: : + ®11(9, Vq)lwh:
g
T g
Dio(h,vy) < Pia(f,vy)e22(9)] 910 |: : + ®15(g, Wq)|| Fyh ||
g
Dy(hy ) < @ [l g 7| 103
22(h, ) < Poa(f,75)e22(9)?] gra || f|+ 22(97”Yg)|7 | (103)
. g
Now
| V¥ |
v I = 5= (104)
" | Dg:, (v2,) |
for some 21 € 7, where v, denotes the unit tangent vector to v, at 21.
By Proposition 1, and the fact that v, is a line segment, we get
9@ Ul o, g [l 1
< eaxp(P2(g,7,) ) (105)
| Y | | Vg |
Again using €22(f), €22(g) < 1, we get
®(z,h,7y,) < O v 1l g | 106
(2,h,7,) < @(gz, f,7p)exp | Palg,v,) | +@(2,9,7,) ] (106)
g 9
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and
i
Do(z,h,yy) < Palgz, [,y )e2(g, 2)exp <\I/2(g,7g)|| Wh ||>
g
& |7 | 1
+ 2(ngv'yg) . ( 07)
|7 |
This completes the proof of Lemma 6.3. 0

6.4. Distortion for compositions of hyperbolic and parabolic maps. Here
we proceed to the proof of Theorem 2.2. This is the main technical result of the
present paper. The proof involves several detailed estimates and will take some
time.

In the sequel, we will use K, K; (i > 0) to denote various constants which are
defined in the equations where they first appear, and C(«) denotes various constants
which depend explicitly on a.

We first consider an (R, «)—hyperbolic map f : Ef — E’ and a point 29 € Ey.

The next lemma is standard. We give the easy proof for completeness. Following
common usage, we identify all tangent spaces at R? with each other by translation.

Lemma 6.4. There is a direct sum decomposition R? = E{ @& E§ such that

szo(Eg):Ega DfZO(E(S)):Egv (108)
| Dfz | EG | 2 Ru, (109)

and
| Df=y | B | < RS (110)

Proof. Let L = Df,,, and let H; denote the one dimensional subspace of multiples
of the unit basis vector e; for © = 1,2. Here e; = < (1) >, eg = < 0 >

1
For n > 0, let
E, =L "H,.
Then, clearly, E,, € K}, for each n > 0.
We claim
lim FE, = E° (111)
n—oo
exists in the sense of Grassman convergence of one dimensional subspaces of R2.
Indeed, since the Grassmann space is compact, the sequence F1, Fs, ... has con-

vergent subsequences. Suppose, by way of contradiction, that the limit (111) does
not exist.

Then, there are different subsequential limits F,, Ej of Fy, Eo, .. ..

Now, both of the lines E,, Ey are in K, so they are linear complementary
subspaces to the space H; of real multiples of e;.

As above, let Ry, = min(Ry, Rs) > 1.

Further, R? = H; @ E,, so if £ € E}, is a unit vector such that

§=¢ +&
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and & € Hy, & € E,, then, for each n > 1,

| L™ | < RS,
and
§o #0. (112)
Hence, for each n > 0, we have
RS = | L7
= | L'+ L& |
| Lo | — | L& |

2
> Rilé|=R"[& |

This is impossible for large n > 0, using (112) and Ry > 1.
Now, taking B = E°, and applying the previous argument to subspaces in
L™" K¢, we actually have

() LK, = B,

n>1
SO
L(Ej) = EE,
and
vEE; = |Lv|<R;'v|
Similarly,
lim L"Hy, < By = () L"K4
n— o0 n>1
exists, and satisfies
L(Ey) = Eg,

and

veEEy = |Lv|>Rylv|
O
Next, we take another point z; € Ey, and consider the splitting R?> = E¥ & E}
such that B} C K4, Ef C K§,, and

Df.,(EY) = EY, Df., (E7) = EY.

Letting diste,(Fo, E1) denote the distance in the Grassmann space, we wish to
consider how small distq, (EY, EY) and distg,(E§, EY) are.

For this purpose, it is convenient to use the graph transform techniques of Hirsch
and Pugh in [3] to express the subspaces EY, E? as graphs of linear mappings
P':Hy — Hy, P’:Hy, — Hj, respectively. Then, under appropriate assumptions
on Df,,, we can obtain P, P? via the contraction mapping theorem. This allows
us to get an estimate for the above Grassmann distances in terms of the distortion
of f on E¢ and the distance between zp and z;.
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For ease of notation, let us consider z = z; for i = 1,2 and

br- (4.

For EY we look for a linear map P : H; — Hj such that for each u € H; there
is a vector v € Hy such that

A B u - v
C D Pu )\ Pv )’
This gives us the equations

(A+ BP)u
(C+ DP)u = Po,

|
S]

or, as functions of u,

C+DP=P(A+ BP).
This is equivalent to

CA™'+DPA™' — PBPA™' =P.
Thus, we get the fixed point problem

r«(p)y="~r (113)
with IT*(P) = CA~' + DPA~' — PBPA™L.
Using Hirsch-Pugh, we get that I' is a contraction map with Lipschitz constant
bounded by p < 1 on the space of linear maps P with | P | < 1, provided that

|CA=Y |+ | DI||A |+ |B|lA7 <1 (114)
and

ID|| A [+2|B||A | <p< L (115)

The invariant space E¥ is the fixed point P of the map I'*.
Analgously, for £ we look for P : Hy — Hj, such that

(28)(%)-(%)

I*(P) = P. (116)

leading us to

with

I*(P)=A"'PCP+A'PD - A'B.
We have T'? is a contraction on the set of P’s with norm no larger than 1 if

|ATH[C I+ [ AT | D[+ AT'B| <1, (117)
and

| DIJAT [ +2[C A7 [ =p. (118)
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The invariant space E7 is the graph of the linear map P; which is the fixed point

of I'*.
Applying these estimates to our situation, it suffices to have

|f1y|+|f2w|+|f2y|§|flm|7 (119)

| foy | +2max(| fiy [,| foz [) < pl frz |- (120)

Now, since f is (R, a)—hyperbolic, we have

max(| fly |7| f21 |) < CV| flw |

Further, using Jf = | fizfoy — f1yfoz |, (25), and our assumption that o < %,
we have

J
|f2y|+204 < f2+a2+2a
|flr| |f1m|
8
97

and, taking p = 3, we get both (119) and (120).

Next, we recall a simple estimate for the distance between fixed points of con-
traction maps T, 71 on the same space, both having contraction constants no larger
than p < 1.

Indeed, if To(.Io) = {E(),Tl(Il) =1, then

d(aco,;vl) = d(TO(xO)aTl(xl))
< d(To(xo), To(z1)) + d(To(x1), Th (1))
< pd(zo,z1)) + d(To(21), Th(21)).
which gives
(w0, zr) < DLE) D) dTolon) o), (121)

1—p 1—p
Using this and setting P, = Py, P;, = P1, let us estimate

| P — Py |.

The final estimate appears in (124) below.

Writing
- AQ By o Al B
szO_( CO DO ) ) Df21_< Ol D1 ) )

and the corresponding graph transforms as I'g, '], since | P; | < 1, we have
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|P—P| < T1p|F1(P1)—F0(P1)| (122)
= Tlp | AU*PiCL P+ AT'PIDy — AT By
— Ay PICoPy — Ay PiDy + Ayt By |
< 1047 = AT G+ 451G = Go

+H AT = A || Dy |+ | Ag |l Dy~ Do |
+ AT = AT I By + [ At | Bu=Bo ).

Let us first estimate the quantity | A7 — Ag* || Cy |.

For two points z,w, let [z,w] denote the line segment joining z to w. Let
projuert (E) denote the projection of a set E onto the vertical axis.

We wish to use the Mean Value Theorem on the difference | A7! — Ag! |, but the
line segment [zg, z1] may not be completely contained in Ey. So, we approximate
this line segment with a polygonal line which is in Ey and use the Mean Value

Theorem on each smooth piece. Let mi(z,y) = x,m(z,y) = y be the natural
projections in R?. Since Ey is admissible, its left and right boundary curves are
K§,—curves. Hence, we may find a sequence g, t1,...,t, of points such that

to = 2o, tn = 21, [ti,tit1] C Ef Vi,

each [t;,t;11] is a horizontal or vertical line segment ,

n—1
dltin—ti| < (1+a) 21—z,
i=0
and the polygonal curve [zo, 21] ef \U;[tis tiy1] meets the same Ey-horizontal line
segments as the line [2g, z1]. That is, mo (|, [ti, tix1]) = m2([20, 21])-
Let v, = 7y, denote the E¢-horizontal line through a point € Ey.

Write D? f(n) = max(| fiza(n) || fray(n) |)-
Since f is (R, a)—hyperbolic, we have

| f2m(21) | <a

| f1z(21) |

for each 21 € Ey.
Then, the Mean Value Theorem gives some points n; € [ti11,t;] such that

| AT = At || Cy |
1

| |f1ml(zo) [ 7 T fia(z1) | | fou(21) |
| flm(zl) — flw(zo) |
< [ Frn(20) ra(20) | | fou(21) |

= D2 f(np)
SOy syl
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_ a"z_:l D2f i)l v, 1] fra(m) | | tier — ti |
o | flm(nl) | | flw(ZO) | | 7771’

x\i d )
() (s 0172) (L) )
1+ a) \neUiln e | f1z(20) | ) wy(z0,21)
Here wy(20,21) = wy(20,7[%0,21]) is the minimum length of E;—horizontal line

segments meeting [z, z1].
Using subpolygonal lines in (J;[ti41,t], and the Mean Value Theorem on the

quantities log %, we get
lx

max|f1m(m)|| exp<( o ) dzo,2) G(fv%))

| fiz(20) 1+a wf(207zl) neU;[tit1,ti]

IN

for each 1.
Writing ©(f) for max, ¢\, ¢, .4 ©(f,7,), we obtain

d(ZQ, 21) e
wf(ZO; Zl)

The other estimates in (122) are similar, so we finally obtain

d(Zo,Zl) e d(Zo,Zl)
wy(zo,21) wg (20, 21)

We consider admissible rectangles E, Ey, W, a pair f: Ey — E',g: Eg — Ey
of (R, a)— hyperbolic maps, a parabolic map p : E;, — W, and a map h : B} — Ej,
as in the statement of Theorem 2.2.

Proof that h is (R, «)—hyperbolic:

Let zo € Ej, C Ey, 21 = g(20), 22 =p(21), 23 = f(22) = h(20).

Using Proposition 4, it suffices to show

d(Zo, 21)

ATl AT 0y | < KO
| 1 0 || 1|— 1 (f) wf(ZOle)

ep(K10(f) )- (123)

| P§ — Py | < K1O(f) ap(K10(f) )- (124)

veKY = | Dhey(v) | > Rl v (125)

and

’UEK% = | Dh;'(v) | > Ryl v |. (126)
Proof of (125): Let v = vy be a unit vector in K% , let v, denote the E,—horizontal
a

line segment through zg, and let vy = g(vy),v2 = p(v1). Let 21 = g(z0),22 =
p(z1), 23 = f(22) = h(z0).
Let

DgzO(Uo) vy = Dpzl (vl)
| Dgzo(vo) |, | Dpzl(vl) |

Let ¢, = £,(z) denote the principal vertical line segment associated to z3 in E},
and let ¢; ' be the principal vertical curve at zo in Fy. Let & be the point in

v =

o€y ! such that & def p~1(&) is closest to z1. For a curve v and a point z € 7,
let Z denote the unit tangent vector to v at z.

Let Z; be the unit tangent vector to v, at z1, &, be the unit tangent vector to
v, at &, and u, be the unit tangent vector to £, 1 at &.
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By Lemma 6.4, we have invariant splittings E2, @ EZ,, E¢ @ E¢ for Df.,, D fe,,

z2) 2
repectively. Accordingly, there are unit vectors v3, vy at zo and w3, ws at &, and
constants 35, 05,5, ny such that

Df.,(v5) = B3v5, Df.,(vy) = Byvy,
D fe,(w3) = w3, D fe,(wy) = nyws,

1
max(ﬁfvﬁf) < R_a mln(nzuvﬁ?) > Ru

In the following we use the fact that for unit vectors v, w with
U def U
—— < B = ang(v,w) < —,
158 g(v,w) < 7
we have

| 81~ [sin(B) | ~[tan(B) [ ~|v—w].

For ease of notation, let us write

a(v,w) = | sin(ang(v,w)) | ~ | tan(ang(v,w)) |
We will alternately think of a(v,w) as | tan(ang(v,w)) | and | sin(ang(v, w)) |.
This allows us to avoid putting extra constants into inequalities which are already
too cluttered.
Replacing v; by its negative, we may assume that | ang(vi,z1) | < 5.
Since g is (R, «)—hyperbolic we have that

a(vy,z1) < C(a)(RuRS)_l,
which implies that

| v2 = Za | ~ a(v2,Z2) < C(p)a(vr,z1) < C(p)Cla)(RuRs) ™,
Further, since f is (R, a)—hyperbolic we have

| uy —w | < Cla)(RuRs) ™"

Hence, we have

lvp—v3| = |va—Za+Z2—E+& —uy

S S S
Fuy —wy + wsy — s |

> & —up | —|vo—Z2 | =2 =& | — | uw —ws | — | ws — 05 |
> K ang— C(a)C(p)(RyRs) ™" — Ka| 22 — & |
—C(a)(RyRs) ™t — | ws — w3 |, (127)

where the constant K3 is related to the curvature of g(v,).
In addition, from (124) we get

5 _ s rayana) d(227§2) ex 7N d(22,€2>
w03 | < KBTSy (Al g

Therefore, using our assumptions (28), (29), (30), and
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d(22,&2) _ pn(22) < ¢ ang

wy(22,&2)  wy(22)

we have

C(@)C(p)(RuRs) ™" + C(p)eo ang + Ka| z2 — & | + C(@)(RuRy) ™' + | ws — s |
(129)
is small relative to ang provided ¢ and Cj L are small enough.

Remark In order to get | w§ — v§ | small, we are using that the right side of (128)
is small. Thus, the smallness of € is related to controlling O(f). These estimates
are needed to keep our initial map vertical curvature estimates small relative the
the parabolic curvature.

Thus, for suitably small max(eg, Cy 1), we get

K an
a(vg,v3) ~ | vy —v§ | > 5 J. (130)

Since f is (R, «)—hyperbolic, we have

K an
| DSy (v2) | 2 Ry av2,03) > Ry — J.

and using (30) and the inequality | Dg.,(vo) | > Ry, we

2

Hence, taking Co > &,

get

K ang
2

| Dhzy(vo) | > R
> R,.

This proves (125).
Proof of (126): We will make use of the objects v1,v§,ve of the previous proof.
Let v be a unit vector in K* at 23, and let
«a

V-1 = D(fil)% (’U), V—2 = D(pil)zz (vfl)v V—3 = D(gil)zl (U*Q)'
We wish to prove

ooy | > R.. (131)

Using Lemma 6.4 there are vectors v§, vy at zo and constants 37, 3 such that
Dz (v5) = Bovg, Dgzo(vg) = Bovg,

85 < R;', B85 > Ru.
By (R, a)—hyperbolicity of f and g we have

| V-3 | R,

> a(vy,v_2)| v_2

> Rs a(vg,v-2)C(p)| v-1 |

> R a(vg,v—2)C(p)| D(f1)zv |
> RZa(vg,v-2)C(p)

S0, it suffices to prove that
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Rs a(vy,v—2)C(p) > 1. (132)
If we show that

a(vl,v_2) > K ang (133)
for some constant K > 0, then (30) implies (132) provided

Co >

From (130), we have

Z

a(vg, v-2) | vg — vz |

| vz —v1 | —| o1 — g |

| vz —v1 | = C(a)(RuRs) ™

C(p)| v-1 — vz | = C(a)(R,Rs) ™

Cp)(| v5 —v2 [ =] v5 —v_1 |) = C(a)(RuRs) ™
C(p)(| v5 — vz | = C(a)(RuRs) ™) — C(a)(RuRs) ™"
Clp

vV IV IV IV IV

(KDL C(0)(RuR) ) ~ Clo) (RuR)

Y%

so0, (133) follows for a possibly different value of K.
This completes the proof that h is (R, a)—hyperbolic.
Next, we move to the

Verification of estimates (34) and (35):

0
unit tangent vector at zo and let ws be a unit vector in Kj(z3).  Set vy =
Dy, (v0),v2 = Dpz,(vi),v3 = Dfs,(v2).  Similarly, let wo = Df~'(ws), w1 =
Dp~Y(wg),wo = Dg~'(w1). Let 74 be the Eg—horizontal line segment through zo,
and let /3 be the principal vertical line associated to z3.
Let v, = 9(7,), 7y = p(”y;),ﬁgl = f71(¢3). Let w; be the unit normal vector to
v1 at z1 , let U5 be the unit normal to ws at the point z5, and let

We have z; = g(z0),22 = p(21),23 = f(22). Let vg = :l:( L ) be a horizontal

55 = Df(vs) Bo = Dy~ 'y
| Df(2) |’ | Dg™twn |

For two non-collinear vectors v, w, recall that a(v,w) denotes | sin(ang(v,w)) |
where ang(v,w) is the angle between v and w. Let s be the Ey—horizontal line
segment through z».

Figures 2 and 3 show some of these objects.

We will write ©(g) for ©(g,v,), ©(f) for O(f,,) etc., and we let S, denote the
image of g.

From (29), we may assume that

curv(l3') < eg mincurv(vy) < Ks (134)

Also, assume that the C? size of p is bounded above by Kj.
Consider the maps h = fopogand h = A, vy w, 0 ho AL, 0.

Note that the expressions (34) and (35) give upper bounds for the quantities
O(h),O2(h) in terms of O(f), O2(f),O(g), O=2(g), and ang. The only explicit effect
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of p in these expressions is in the angle term ang. The other effects of the 2-jet of
p are absorbed in the constants K; and Cj.

The quantities ©(h), Oo(h) are obtained by taking the supremum of ®(h) and
®y(h) as ws varies.

Accordingly, we will first estimate ®(h), ®5(h) in terms of O(f), O2(f), O(g), O2(9),
and certain quantities associated with p. For this purpose, we will use various affine
maps to represent h as a composition of maps to which we can apply Lemma 6.3.
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Once these estimates are obtained, we obtain Theorem 2.2 taking the already indi-

cated supremum.
Consider

>

Ay vy ws Oh 0 AZ 1

20,00,Wo0
= A23,U3,IU3 © f opogo Azo,vo,’wo
= BiofojoByogoB;

where

By = A237U37w3 A_

23,03, W3

By = A217U17w1 A_

z1,V1, w1

1
B3 = Azr),vo,wo oAy

20,V0,Wo0

F 1
f - Az3,173,w3 © f © AZQ,vg,wg

p A22>U27w2 opo Azl,vl,wl
g=A 5, 0g0 AL
g= Z1,v1,W1 g 20,00 ,W0

Thus,

h=FoG

where

F=Bjofop, G=ByojoBs

Let us express the various quantities 7,,7, 7, in the new affine coordinates as
follows.

Set 7” - Azo,vo,ﬂlo (/Yq) Vi = Azo,vo,wo (Vh)v’YG = 33_1/7;} = A207U0>w0 (7g)7
V= Acr (ve)ve =755 =GOp)-

Note that v5,7¢, and 7 are line segments.

We wish to apply Lemma 6.3 to F and G.

It is easy to see that DFg,, and DG, are diagonal matrices, so (93) and (94)
hold. We now proceed to show that the analog of (90) also holds.

First we give some estimates involving the various objects we have defined above.

Lemma 6.5. Let I denote the identity matrix. The matrices DB; satisfy

|I- DBy | < 25&;3 (135)
|I—DBg|§2Z((v w)) (136)
|I—DB3|32‘;(( ;”)) (137)
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() () ()

be three unit vectors which are pairwise linearly independent, and let 3(u, v) denote
the absolute value of the angle between u and v, so that

Proof. Let

u = eBE)y and set a(u,v) = | sin(B(u,v)) |-

Consider the matrix

DA, .0 DAL

We have
DAz.uw = 1 < 2 o )
T a(u,w) \ —uz U1
and

Thus, assuming ((u,v) < §, we have

| I —DA.ywoDAZ, | = |DA.ww(DA, ., —DAL.,) |

S |DAz,u,w||u_v|
_ luv)
~ a(u,w)
B | eiﬁ(u,v) -1 |
N a(u, w)
B V2(1 = cos(B(u,v))
N a(u, w)
Bl
~ a(u,w)
< 9 a(u,v)
- a(u,w)

Similarly,

1 a(v, w)
| I — DA, ywoDAL 1 <2 .
” o a(u,v)
Now the required estimates of the lemma follow by direct substitution. 0

Lemma 6.6. Use ¢ ~ d to mean the quotient 7 is bounded above and below by
uniform constants. For any ¢y > 0 there is a Ky > 0 such that if

R.Rs ang > Ky, (138)
then

a(vy, wi) ~ | Pie | (139)
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JF
a(vs, v3) ~ 37{ <¢o
| flmplI |
Ja
a(wo, o) ~ % < €o,
| 912P1x |
and
|Glz|:|glz |
Proof. Let
N w2
w2 = 3
| w2 |

and write vo = avs + bws.
From the definitions, we have

DAZz,ﬁz,wz (62) = €1, DA227172,1U2 (’lﬁg) = €2

and
Dp(z1)(v1) = va.
So, with
(1
61 - O b)
we have

ﬁlm(zl) ~
~ = D
( p2m(21) ) p(el)
= DA2271727’LU2 © Dp o DA,;l,vl,wl (61)

= DA2271727U)2 (’02)
= aDAZzﬂmwz (62) + bDAZzﬂmwz (@2)

_ ( “ )
So, P12(21) = a.

Since we have uniform bounds above and below for Dp, we have

| P1z(21) | ~ ang ~ | ang(va, wa) | ~ [ ang(vi,w1) | ~ a(vi,wr).

giving (139).
Next, since D f is a diagonal matrix, and

max(| DA23717371U3 |7 | DA22717271U2 |) < =

V2
C(a)’

we have

389

(140)

(141)

(142)

(143)
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ang(vs,v3) = ang(Df(v2), Df(v2 ))N
~ | tan(ang(Df(v2), Df(72))) |

| foy || tan(ang(vs, v2)) |

| fl;E |
_ | f2y | 1
| fiz || tan(ang(vz, w2)) |
-~ | f2y | 1
| fl;E | |151;E |
_ _Jf
Since f is (R, Kg, Kj,)—hyperbolic, we have
| f2 |_(RR) (144)
| flx |

So, we get (140) provided that K is large enough.
The estimate (141) follows in a similar manner replacing f by g~
fact that
Jg I
|91 [* | D@
Now, Dg is also diagonal, so, for some constants a, b, a1, by, we have

I and using the

DG = DBy;oDgo DBs

B 1 a giz O 1
o 0 b 0 Ggoy 0 b
which implies (142). O
Now we go to the analog of (90) for DF and DG.

Lemma 6.7. For Ky > 1 large enough and R, Rs ang > Ky, the partial derivatives
of F'at z1 = G(zp) and G at zg satisfy

| Foy | <[ Pz | (145)
and

| Gay | < (RuRS)_lang_l| Giz | < |Gz |. (146)

Proof. We first consider the easy case of (146). Indeed, from the definitions, we
have

DG = DByoDgoDBs
DAZl,Ul,wlngODA

Z0,V0,wo "

This implies that

| G12(20) | = | Dgzy(vo) |, | G2y(20) | = | DgzO(HZ—m

) |
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Since g is (R, K4, K,)—hyperbolic, we have

| le(ZO) | > Ru7
and, up to a constant C = C(| Dp |,| Dp~* |),

-1
| Dgwo(rap) | = (I Dl (g ')
< (Ry | tan(ang(vy,wy)) |
< C(R, ang)™"
| Glm(z()) |
< C(Rs an
< 9)" | Gra(20) |
< C(RuR,) ‘ang™| Gia(20) |
giving (146).
Next, we go to (145).
We have
F = Bl [¢] foﬁ
Write

b1 b1
DB, = .
! < ba1  ba2 >
Then, b2 = 0 and bys = 1. Also, DfZ2 is a diagonal matrix and Dp,, is a lower

triangular matrix.
Hence,

Fip = by1 fraPia (147)

and

Foy = foyPay- (148)
Now | pay | is bounded, and, for Ky large, (135) gives that DB is close to the
identity I. Hence, for K large, we have | b1 | > %
Thus, for some constant K > 0 and Ky large enough, we have
| F: 42y | | -1 K
< K(R,Rs <——<1
which is (145). O
The next lemma gives an estimate for the curvature of the curve vy, (or its
reparametrization ;) in terms of ©(g).
Note that v, = g(7,,) which is a part of the curve g(v,).

Lemma 6.8. There is a constant C'(«) > 0 such that

curv(vys,) < C(a)| f(’(yg)) | (149)
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Proof. As usual, we will write C'(«) for possibly different functions of a.

We write 7, as the graph of a function y = p(z) = yo for = € [ao,B;]. Then,
Dp(xz) = D?p(xz) = 0 for all z. By the graph transform formula, we have g(v,) is
the graph of the function I'(g, p) defined by

L(g,p) = g20(1,p) 0 ([gro(1,p)] 7", (150)
where (1, p) denotes the function z — (z, p(x)).
The curvature curv(v,,) is proportional to | D*T'(g, p) |, so it suffices to estimate
this last quantity.

Let u(z) = [g1 0 (1, )] (2).
Then, differentiating the above formula, we get

DI(g,p) = g, (ux,pux)Du(z) + g,, (uz, puz)Dp(ux)Du(x)
= 9., Du(z) + g,, Dp(uz) Du(z)

DT(g,p) = Gowo Du(z) Du(z) + g,,, Du(x)Dp(uz) Du(x)
+9s,, Du(x) Dp(ux) Du(x) + g,,, Dp(ux)Dp(ux) Du(x) Du(x)
+g,, D*u(x) + s, D? p(uzx) Du(x) Du(x)
+g,, Dp(uz) D*u(z) (151)
We can compute formulas for Du, D?u in terms of g, p by differentiating the

formula g (ux, pur) = z twice and solving for Du, D?u.
We get

-1

Du() = [g,, (uz, puz) + g,, (uz, puz) Dp(uz)] (152)

and

D*u(z) = —Du(x)|g,,,(Du(x))® +2g,,, Dp(uz)Du(z)Du(z)
+9,,, (Dp(uz))? Du(z)® + g,, (Du)*D? p(uz)] .

Now, we have that

RIS
la(vg) | |91z |

Hence, computing all partial derivatives at points x € [ag, 3] we have, for each
i=1,2,

O(g)

| Giza | | YJizy || Yiyy |

max( : ; ) <C(a) ; (153)
| 91z |2 | Jix |2 | Jix |2 | g(/}/(]) |
1 1

Du(z) | < = , 154
| Dul) | < o T =al Do)~ Tom] (154)
max(|gh|, |giy|)§a<1, (155)

| 91z | | 91z |
Dp =0, D*p=0. (156)

Combining these estimates proves Lemma 6.8. 0
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Next, we have a simple estimate which we will be used in the proof of estimate
(168) below.

Lemma 6.9. Let p1, pa : [a,b] — R be C? functions such that p1(a) = p2(a), p1(b) =
p2(b) and there are constants 0 < K7 < Ky < K3 such that, for all z € [a, ],

| D*pi(z) | < K1, | D?pa(2) | < K, (157)
and

D?py(z) < —Ko. (158)
Then, letting ¢ = p1 — p2 and

M = max | ¢(z) |,

z€[a,b]
we have
Ky — K3 M K|+ K3
. 159
8 ~(b—a)® 8 (159)

Moreover, there is a unique ¢ € (a, b) such that D¢(c) = 0.
Let x1, 22 be in the same interval of [a,b] \ {c}, and assume there is a constant
K > 0such that | z1 — 22 | < K| 21 —¢|.

Then,
| Dg(2) | <K(K1+K3))
2 <exp | ———5 ). 160
Do) |~ P\ K- K (160)
Proof. Let Ch = Ko — K1, Cy = K1 + K3.
We have
¢(a) = ¢(b) =0,
and
0<C) < D*p(x) <Cy (161)
for all z € [a,b], and Cy < Cs. .
Also,
M = ity 6(z) | = — min o(z).

Then, there is a unique ¢ € (a,b) such that D¢(c) = 0.

We place the graph of ¢ between two parabolas to get our required estimate
(159).

Thus, consider the two quadratic functions

fori=1,2.
Since the functions ¢;, ¢ each have ¢ as a unique minimum, our assumptions
(157), (158) together with (161 imply that

g1 () < ¢(x) < ga() (162)
for all z € [a, b].
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Letting ¢; > ¢ be the unique point such that ¢;(¢;) = 0 we have

C; —C—=

C;’
Also, since the distance between the zeroes of ¢; is 2(¢; — ¢), (162) implies that

2(ca —¢) <b—a <2(c1 — ),

b—a
\/Cg \/01

This is equivalent to (159).

Next, we obtain some estimates on the ratio of angles between the vectors
(1, Dpy1(z)) and (1, Dp2(x)) at certain different points z1, x2.

For two vectors vy, v let ang(vi,v2) denote the angle between the vectors vy, ve

or

as defined in (9). Letting e; = < (1) >, set a; = o, (x) = ang((1, Dp;(x)),e1).

Then, D¢(x) = tan(ay(x)) — tan(as(z)).
Assume that | tan(a(x)) | < a <1, | tan(ag(z)) | < 1.

Using
tan(as — as) = tan(oy) — tan(az) 7
1+ tan(aq ) tan(as)
we get
Do(x) = (1 4 tan(ay) tan(az))(tan(ag — asg)).
This gives

| Dg(z) |

Next, we proceed to prove (160). We have to estimate the quotient

| Dé(xs) |
[ Do(a1) |
where |1 — 2o | <|z1 —c|.
We have 0 < Cy < D?¢(x) < Cy, c¢ is the unique minimum of ¢ in [a,b], and
D¢(x) is strictly increasing for ¢ < z < b.
We have that x; and xo must lie on the same side of c¢. Assume first that
c<x <y <b.
Then,

Dé(xs) _ D?¢(r)

e 5o = Daln) (w2 =)
< Cs (zo — .’L‘l)
= Dg¢(x1)

Also,
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Dé(x1) = Do(x1) — Do(c)

/zl D?¢(s)ds
> Cl(Il — C).

Hence,

Do(x2) - Co(xo — 21)

lo 164
gD¢(I1) = Ci(r1 -0 (164
or, since | 29 — 21 | < K| 21 — ¢ |, we have
|D¢($2) | <02|I2—$1 |> <K02>
T Sexp| | Sexp . 165
[ Do) | Cilar —c] @ (165)
Using similar techniques, we can handle the remaining cases ¢ < x2 < x1 <
b, a <x1 <232 <c¢, a<xo <z <c This proves Lemma 6.9. O
Let Th = Azoyvo,wo ('Yh)a’YF =T = G(’Yﬁ)
Lemma 6.10. There is a constant K > 0 such that
K' |75l K
<Ml o B (166)
ang ~ |v5| T ang
and, for any point 7 € ~ 7o We have
D1 KO(g)|v: > Kl|v;
|]~91 (T)| < exp ()|5j| | J;| (167)
| Pra(21) | ang ang
as well as
K tang < | pro(7) | < K ang (168)

Proof. Using

2\ 2
vl (7] 1
an92 = ang5 ang? and |FYj|N|FYf|5
we see that (27) implies that the right side of (167) is bounded. This, together with
(143) and (167), implies (168).

Hence, we need only concern ourselves with (166) and (167).

Consider the curve p(g(v,))) and the left and right boundary curves of Ey. For
ease of notation, let us denote these by

Y1 = Oiest(Ef), V2 = Orignt(Ey), 73 =p(9(7y)))-
For i =0,1,2,3, let Z; = (&;,9;) be such that

Y[ s = {50, s}, va[ vs = {51, 22}

We assume that y3 < y2 < 91 < 9o.

From Lemma 6.9, we may think of the curves Oics¢(Ef), Orignt (E) as lines, and
the curve 75 as a quadratic curve of curvature greater than the parabolic curvature
of the map p.

Let ¢y denote the tangent line to v, at Zy and let 6 denote the angle between
this line and the vertical direction.
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Let z. be the point on v5 whose distance to the line £y is a maximum.
Choosing rotated coordinates ((x,y) = ({(x,y),n(x,y)) with

& = x cos(f) —y sin(h)
= 2z sin(f) +y cos(d),

we have that & = 0 corresponds to the direction of ¢y.
Letting (&;,m;) = ((%;) we have i3 < 2 < m1 < 1o and there are C? functions
§=pi(n), n3 <n <o such that

¥ = {(pi(n),n), 0<i <3, 3 <n <o}
Further,

p1(no) = p3(mo), p1(nz) = pa(ns), Dp1(no) = 0. (169)
Let

K, = mgXI D?pi(n) |, Ky = mgXl D?pa(n) |, K3 = mninl D?ps3(n) |.

The curvature, curvy(z), of a C? curve v : £ = p(n) at the point z = (p(n),n)
satisfies

curvy(z) = M (170)

(14 Dp(n)?)2

Letting K4 be an upper bound for | no — n3 |, since Dp1(no) = 0, we have

| Dp1(n) | < K1l no —ns | < K1Ky (171)
Now, (29) gives that, for i = 1,2,

curv(vy;) < eg mincurv(ys). (172)

We claim that if

co(l+ K2K2)? < (173)

1
27
then
2 1 : 2 1
Ky = max| D*p1(n) | < 5 min| D%p3(n) | = 5 K. (174)

Indeed, for 1,7 € [n3,n0], we have

curvy (p1(n),n) < eo curvy, (p3(1),17).
Thus, (171) and (173) give
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| D?p1(n) |1+ Dpi(n)®)?
(1+ Dpi(n)?)?
| D?ps(7) (1 + Dp1 (1))
(1+ Dps(7)2)?
co | D?ps(7) |(1+ K7K})*

1 _
< §| D?ps(i) |.

Since 1,1 € [n3,no] are arbitrary, we get (174).
Consider the curve 5
Since Dp is bounded above and below, so is Dp. Hence,

| D?pi(n) | =

IN

IN

v | ~1B(v7p) |- (175)
The curve p(7f;) has the parametrization

p(vis) = {(ps(m)ym) i < m < mo}.
Since Zo, z1 are the boundary points of p(vy fﬁ) and the slopes of the tangent
vectors to p(y fﬁ) are greater than one, we have

[ D(vjp) |~ Tm—mo |-
By the Mean Value Theorem there is a 75 € (11, 70) such that

| &0 =& [=1Dps(ns) [ no—m |-
Let £ denote the horizontal line through Z; (in the (&, n)—coordinates), and let
Z, denote its intersection with djeri(Ey). Let Z4 = (&4,m1).
There is a point ng € (71,10) such that

[ S0 =& [=1Dpi(ne) [ m0 —m |,
Let ¢ € (n3,m0) be the unique real number such that Dps(c) = 0.
Using (29), we choose €p small enough so that

1
Kl(l + hezght(Q)) < §K3
Then

[§o—&s| = | Dpi(ne) |l m0 —m |
| Dp1(ns) + Dp1(ne) — Dp1(ns) [| mo —m |

< Kilno—m |+ K1l no—m |
< Ki(1+ height(Q)) mo —m |
1
< §K3|770—771 |
1
< §|DP3(775)||770—771 |

%|§0—§1|
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Then, using
[&o—& =& —& | <7< 8 —& [+ &l (176)
we get
1 7y | 3
< < -, 177
27 & —¢& | 2 (177)
Since | v | ~ | 1m0 —m |, this gives
RI7AN 1
77| [ Dps(ns) |’
so, for (166), it suffices to show
| Dp3(1s) | ~ ang = a(va, w2). (178)

Using (26) and (29) and a appropriately small ey, we can find a constant K5 > 0
such that

[0 —m | < Ks[m —cl.
Then, (178) follows from Lemma 6.9.

We proceed to prove (167).
Using (143) and

1

_ |p1m(T~) — Prz(21) | < |?1m(7-) | <14 | P12(7) — P1a(21) |
| P1o(21) | | P1e(21) | | |
it suffices to prove that

| P12(7) — Pra(21) | S K 9(9)Mf|2+|7f| (179)
P1z P1z(21) | = ang® ang
for any point 7 € 7 ;.
We have
ﬁ = AZ2,172,w2 opo Az_llgul,wl)
and
p(21) = p(21) = 22.
Since Auy iy, D?p, and AZ', - are bounded, we get
P12(7) P1a(21)
- - = <K|T—2| 180
| ( Pz (T) ) ( Paz(21) |— |T 1 | ( )
Now, 7 is in the A, v, w, —image of the curve v;,. Note that | vz | = |7y, |

since these are arclengths of curves which differ only by reparametrization and a
rotation of coordinates.
If we show that there is a constant K; > 0 such that for every unit tangent vector

v to ¥y,

O(g) |75l
DAZl vy,wp (U S K TN L + 1 ) 181
| U1, ()| 1<|g(7q)| ang ( )
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then, it will follow that

o) 175
T —zZ1 SKl Y i +1]. 182
IT-al <K fp'<|g<~yg>| ang (182)
Using (166) and the fact that | g(v,) | ~ ang, we get
Ol " 15l
IT—Z1|§K1< angf - Mfg : (183)

This will imply (179), completing the proof of Lemma 6.10.
So, let v be a unit tangent vector to the curve 7, at some point. By Lemma 6.8

the curvature of v, is bounded by C(a) | g(—zfyg)) i
9

Hence, we have that

| v—w1 |~ |tan(ang(v,v1)) | < C(a)
and, from (78), we have

K
| DAzlq'Ulywl | < —

ang

| DAy oyw: (V) | = [ DAz 10, (0 = 1) + DAz oy 0, (01) |
= |DAZ17171,71}1(U_’01)+61 |
Kl ov—
| v—wv | 41

O =

This gives, with e; = (

IN

ang
KC(0)0(g)| 7, |

+1
| 9(v,) lang

and we simply take

K, = max(KC(«),1).
Let us return to the verification of (34) and (35).

We can now apply Lemma 6.3.
By (106) and (107) we have

B(h) < B(F)eap (%(G) 7|

(184)

and

y(h)

IN
S
2
3
M
N
2
o
8
i
7N
S
2
8
o
>
N
+
e
=
-2
o
>

(185)

From our previous results and definitions, we have
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F:Blofoﬁu
| Fio | = | b11 || fizhie |,
| Giz | = | g1z |,

| hia | =011 || freProdiz |
Since, a(vs, U3) is small, we have

O(F)

IN

| DB, |&(fp)

1+ Kia(vs, v3) <
1- K1a(v3,63)¢( P)
(1 + 3K1a(vs, 53))®(fp)
(1+ Ka(vs, v3))®(fp)

IN

IAIA

and

B3(F) < K@a(fP).
Letting S5 = g(v;), we have

| g1z |l vg [~ 155 |,

and
|73 | ol
h |glml~)lz|7
S0,
AL ki
vl el | D1z I S5 |

Let us estimate ®(f5) and ®o(fp).
We know that piy(22) = p1y =0, and

|Z~)21 |7|Z~)2y|<K
Using (96)-(98) with h = fp and eas(f) < 1, we get
| Vip | | Y ip |
|77 | |77 |
+2max|pfm|
H |p1m|

11(fp) < @u(f)l Pro | + 2K ®15(f)

|'7f”;5|

|'Yf';3| = |'Yf]5|

P12(/p) < QK+ Pl DK 58—

+ K®as(f)

+ 2max

(186)
(187)

(188)

(189)
(190)
(191)

(192)

(193)

(194)

(195)

(e 1177 |
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. ~ K 17 | iy |
Do (fP) < Paa(f) = P+ 2max =] v
UB) < (N7 7 T F 228 [y, 11 777
Using Lemma 6.10, we have
1 1 1
| Pia | [ D1a(m1) || Pra(7) | ang®’
S0,
. . o) v; 1”17 ®(f) K|yl
o(fp) < (f)eap <K L+ Kk—L +KLQ+ ! (196)
ang ang ang ang
and
- K®y(f) Klv7]
d < 197
2(fp) < g T ang? (197)
Now,
| D*p| < K
and
- JF
a(vs,v3) < K |~f2f/| ~ ~2Jj
| frzpiz | | fizD1z |
Since | Jf | ~ | Jf |7| flm | ~ | fl;E |7|’7f~ | ~ | Yy |7|]511 | NG(UQ,’LUQ), we have
J*(f,
a(ﬂg,vg) < KM,
ang
or
J*(f,
1+ a(vs,v3) < exp (KM> (198)
ang
This gives
. J*(f, S) : |2 :
BF) < o(f)eap <K 0 (g)l”ygl +K|vf|2)>
ang ang ang
@ 3 -~
+ K 2(f2) K|7f2| (199)
ang ang
and
®2(f) |5 |
Py (F) < K K 2
2(F) = ang? ang? (200)

Now, G = By o g o B3, B3 is bounded, and

1
| B [ ~ —.
ang

Hence, we get
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and

Now,

sy
Q
A

IN

where | b | < K, and

la| < Ka(wo,wo) < K min(

(1 RN wl)) o(3) (1 4 i @00, o)
a(vi, wr a(vo, wo)
K
_(I) P
ang (9),
Jo < Ki,
ang

SHELDON NEWHOUSE

(o) (0)

/g

By (30), this last quantity is less than 1.

Since v = B;lvg, we have

lva |~ 17g |-

Tac(a))-
| 912P1x |

Further, if zo = (x0,%0), and we set G = §j o B3, we get

G = go Bs(z,y) = (§1(z0 + = + ay,yo + by), G2(z0 + = + ay, yo + by))

and

Setting

we have

and

| Glz |
| Giae |
| Giyw |
| C_7'1'yy |

| DG |

|§11|
< (l Jiza |a + | Jizy |b)
< (| Gize |a2 + 2| Jizy lab + | Jiyy |b2)'
_ K _
< | DB, | D*G| < ——| DG |
|plz|
_ Jg
J = Jl(g) = ~27€
| GioP1a |
K K
Uy (G) < — Uo(g) ~ — g
2(G) < | 2(9) o 2(9)
d(q Kd5(q
<k 2 ax(jal o)+ B2
|p1m| |p1m|
< K@(?)Jl K({’z(g)'
|le | |p1m|

;

(201)

(202)
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. ~ -1 . _
Since § = A, vy,w, © 90 AL v.m, and the matrices DA, v .0, DAL}

o0, mo ATE
bounded, we get

U2(g) < KWUs(g) and Jz < KJ,. (203)
Applying (106) gives

w(i) < a(Fesp (a(G)
Ya
< ®(F)exp <K2 2(9) | |> + K> —
| P1a | [ 75 | | D1z | [ 75 |
Since, | p1s | ~ a(ve, w2) = ang, taking the supremum over all ws gives (34).
To estimate ©2(h), we use (107) and the above to get

| 73 | | 77 |

v |

a(f) < o)L cap(ua(c)

G | ) + 2(G)

)
Q

o J; ;
S K 2()+ |/yf| ~| g~| Qezp(\llg( )|7h|>
|plz| |plz| | Pra || g1z | | ve |
P(g)J 7 g :
L k2@l 229) [ |
| D1z | |75 | | D1z | |75 |
(0] V7
< k22U )2 i ( ?2(9) )
| P1e | | Pra |° | Pre
d(g 7 [O2)
L g2@ ] 2209) | ]
| D1z | |75 | | D1z | |75 |
Using | p1» | ~ ang, and taking the supremum over ws, we get (35).
This completes the proof of Theorem 2.2. O

7. Proofs of Theorems 2.3, 2.4, and 2.5.

7.1. Proof of Theorem 2.3. Let h = f o po g be the map in question.
Note that (36) implies that

Jf | Yr |
Ji(fyve) = < . 204
1(f575) angl o~ ang? (204)
Now, using (31), (34), (204), and setting
o G |?
vo = 22U IR RV ECIO) 7 (205)
ang? ang® ang®>  ang | v, |’
we have
@(h) S @(f)eibp(KlVo) + Kll/o. (206)
From (37) we have
ang < 1 an | | |S|_62|7h|<1.

|7 |
Hence, we have
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| Ty | Yr |
T < 27
ang ang
and
(C) O O _
ang® ang ang? ang | g |

Also, by (38) and (39), we have

O(9)

ang

176171752

< K2|S, | = K28, |90 51,

Putting these estimates together with (205) and (40), we get

©2(f) 3 g ~0i-20,) (17|
< Lh
v < +4 (K31 S, | ) A
—05
o &) (| n |)1
- ang? |7 |
as required in (41). O

7.2. Proof of Theorem 2.4. From (35), we have the following estimate for ©2(h).

0y(h) < K1(®2(f)+|”Yf|>J1(g,7h)exp(®(g)lvhl>

ang?  ang? ang | v, |
+K1®(9)J1(g,vh) |7 | +K1®2(g) | v |
ang [ v, | ang |7, |
Using
e
0(g) < L1, exp( ) | 7n | ') < Ly,
ang | v, |
we get

Ox(h) < K (92_(1;)+%

ang

>¢5(977h)L2

+K1L1 1 .
ang |7, | ang |7, |

As we noted above, from (37) we have

| V¥ |
ang?

Using (37), (39), (45),(46), and (48) we get

< K| 8, |52%. (208)

|7 |
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O2(h)

and, hence,

IN

IN

IN

IN

IN

IN

KiLo

KiLo

+

O2(f)

ang

J1(9,
KL, 129719%) | v |

O2(f)

2

Ji(g,v) + K1LaKs| S, |_62

| v |

| 7g |

O2(9) [ 71 |

| g |

5 J1(9,7) + 2K3

ang

KL,

KiLaJg 3 (1l
ﬁ@mw( h
ang®| g1z |

O4s(h) <

K3Jg

3
—37 _0y(f)+ =
angd| g1z | 4

Case 1: h = fopogisa bcc map.
Then, by (39), (44), (47) and the fact that ang < 1, we have (for d3,03 appro-

priately small)

O2(f)

<

IN

IN

N

|7f|

(
(

| Y |
ang?—20>

| Y |
ang?

1—

03
1-03

1753
> angzéz(k&g)

+ K4

ang

ang | v, |
J1(g,7) | v |

| v |

J1(9,7n)

0,
(|7h|)1 '
| g |

(1-03)
K21—53| S, |*52(1753)ang252(1_63) <| Th |)

—03 —52 —53 2(1—03 Y
K21 5‘|Sg| (1 )(K2|Sg|)25(1 6)(| Bl

K§1_53)(1+262)| S, |52(1—53) <

(

| 74 |

| v |

) (1753)

| v |

| vg |

| vg |

| g |

)(153)

)<1—63>

405

(209)
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So, using (44), (45), and (209), we get (55).

Case 2: h = fopog: fiopogiopog where fi and f: fiopogy are cc maps
of rank less than that of h, and g def g1 opogisabcc map.

Using induction, we may assume that

1-03
05(f) < ( i ) : (210)

| g, |

Let ang denote the angle of the map g.
We first assert that

inequality (209) holds with f replaced by f. (211)

To see this we observe that

1. (209) was obtained using the estimates (37), (39), (45), (46), and (48) for the

maps f,p, and g,
2. using (54) to replace the right hand side of (37) we see that all of these

conditions are unchanged in replacing f by f .

Continuing with our proof, we use (54) and the left side of (39) to get

ol CTvil T g, |
Bl 8 0 17 ang? = Ty 1 ang? (212)
g g1
and
1S, |79 < KS2ang0. (213)
So,
|’7f~| < K2| S |—52 | ’Yh, | ang2
| g | T g g, |
o gaeds L] ang®™
2
[ Yg | 17 |
o sl | ang®%
> 3
[ vg 1 17 |
From Case 1, we have that
S
02(9) < (| . |) , (214)
g

Using (209) with f replaced by f , and appropriately defining small numbers
04,05, we have
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-0
K3Jg = 3 (| 10
oty < 01 o1, 3(
( ) ang3| 91z |2 ( ) 4 |FYg
1763
_ _ KsJg |77 | L3
T ang®| g1z |2 | 74, | 4
__KeJg (1] K3 ang* 0
B cmg3| g1z |2 | g | | Yo |
< K2 0tang?~% Jg (I Yol 1 >1_
N ang®| g1z |2 g 117, |
1-0:
. __K3Jg (I%I 1 > *+§(
T oang?| g1 P \ g [, | 4

|7h|
| vy |

()

where we have used (49) for the bee map g opo g.

This completes the proof of (55).
Now, assume that h is an ecc map.

1753 3
+_<|”Yh|
4\ [, |
1)
3 (e
4\ [,

|’Yh|
[ vg |

> 1753

From (35), (37), (42), (43), and (45) we can write (207) as

O2(f) 2 8,1 |
O,5(h) < K J Ki| S 2h g
2( ) = 3 an92 1(ga’Yh)+ 3| g | |’7q | 1(ga’Yh)
+K3J1(gryh) | v | 3@2(9) |7 |
ang |7, | ang |7, |
The upper bound O(g) < L; gives us that
| glm('z) |
exp(—Lq1) < ———— < exp(ly
L) = Torwy = )

for any z,w € v, so

exp(—=L1)| Sy | <[ g1z || 74 | <[ Sy [exp(L1).

Also, repeating (213), we have

—0s
[ Sy |

and, setting K3 = max(K22+62

< K3?ang™

ds

exp(Lq),3), we have

407

(215)
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I T _ |74 | ang
| 912 | ang ang® | gia |
< K|S, [0 | s |
| 912 | [ 74 |
_y,an
< Kol Sy |7 eap(Ly)] v, |
g
< Ksang %], |.
So, we may assume
|75 | < Kl gua || v lang' =%, (216)
ang < Ks| g1z || 74 |, (217)
1753
O2(f) <77, (218)
and
1-03
O2(9) <[, I (219)
From (50), (51), and (52), we have
Jg 1
<—, 220
an92+54| Gia |1+53 3K3 (220)
)
Jgl v | 1
< , 221
ang®| g1 |  3K3 (221)
and
1)
1 | Vn |> ’ 1
— < —. 222
() <m 222
From (37) and (39), we have
ang < K| Sy |
and
| S!] | < 17
so, in particular,
2
ang < Ko| Sq 2. (223)

Using (215)—(223), writing a < b to mean a < K3b, and setting 64 = do+03—09203,
we get
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1753 1763
J
@2(h) =< |Fyf| ;(g’vh)+J1(ga’Yh)|7h| + |FYg| | h|
ang ang |7, | ang |7, |
o gl lang ™) % 1i(g.3,) | Jilg. ) [0
- ang? ang |7, |
Js
1 _
4 | Tn | | Y |1 63
ang \ | 7, |
L g7 D%y Jg |
T ang?t0 gy, |? ang?| g1z |* 17 |
)
1 3 _
L | Vn | Ex k s
ang \ |7, |
L (D% g Jg
- 5 3 | Th |
CLTL92+54| Jiz |1+ 3 ang | g1z |
Js
1 : _
4 | Vn | En |1 05
ang \ |7, |
1-0
<
This completes the proof of Theorem 2.4. O

7.3. Proof of Theorem 2.5. We apply the exponential increment Lemma 5.1 and
the estimates of Theorems 2.3 and 2.4.

Let ag = Ky exp(Ky4), bg = b1 = ¢9 = ¢1 = Ky, a; = O(h;) for i > 1, and
bi = C; = K4§i for ¢ Z 2.

Then,

ag < boexp(by),

and, by (58) and Theorem 2.3 we have

-0 1-0

Os(h 1=0s Os(h s
2( 3) K1|7h1 | e 2( 3) K1| Yy |
angs [ Y, | ang? | Y, |

IN

©(ho)exp | Ki

ai

IN

apexp(Ky) + Ky
= apexp(by) + by

Further, from (57), we have ©(gg) < by < by exp(by) = ao.
Then, by Theorem 2.3, Theorem 2.4, and (59), for ¢ > 2, we have
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(e77 S ai,lexp(Klug) +K1V3
-0
Os(hi_ N
< ai—1exp K1—2( Z21) + K <| Ths )
ang; | Yg:
-0
Oa(hi_ N
1K, 2( 121)+K1(|7h1 )
ang; | Ygi
1753 1-0
< aisexp 12 |’7h171 | + K, <| Yh; )
angi \ [ vg,_, | | Vg,
1-03 1-0
Ky (1, | . ’
T 12 hi1 T K |7hl |
angi \ [ vg,_, | | Vg,
< ai—rexp(b;) + b;.
So, Lemma 5.1 applies to give (60) as required. ]
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8. Glossary.

411

Index of Special Symbols and Notations. Numbers on right indicate the page where the

term is defined.

Notation

Jyf(z)
Az,v,w

Ly (w)
v(t)
fz,v,w
curv(y)
f-p-g
lw(E)

me

I=9

compatible parametrized rectangles

full-height subrectangle
Sfull-width subrectangle
full-width(height) curve
parametrized rectangle
rectangle
standard rectangle
V2
U3
wo
w1
7120, 21]
a(v, w)
Vo
v1,v2,03
wo, W1, w2
w3
wy(zo0,21)
20,21
22,23
K&
Kg
(R, &) — hyperbolic
(R, o, z) — hyperbolic
<>
DBy
DB>
DBs3
Ho ® Hy
J*(9,7)
Jl (97 ’Y)
Jf
K — parabolically
Rs
Ry
Rmin
Sy
Z1,Z2
Z;
U(f,7)
\111(27 f7 ’Y)? \112(27 fv’Y)
O(f, E)

Definition

maximum curvature along y

g Markov precedes f

curvlinear rectangle

linear rectangle

normal vector to wo at zo

D f(v2) normalized

Dg~'(w1) normalized

normal vector to vi1 at 21
polygonal approximation of [zq, 21]
| sin(ang(v, w)) |

horizontal unit vector in KX (zo)
successive images of vg

successive pre-images of w3

unit vector in K§ (23)

min length of some horizontal line segments
20 € Yp, 21 = g(20)

22 = p(21), 23 = f(22)

Euclidean inner product
—1
2317733 ;W3

derivative of Az v, w, © A,

derivative of A.; vs,ws 0 A
11,v1’ﬁ)1
derivative of A vy ,wo © Ay vg,wo
concatenation

1 dim distortion of f and E

Page

349
354
356
349
354
350
356
356
352
350
349
349
349
349
349
349
349
385
385
385
385
381
383
385
385
385
385
382
385
385
351
351
353
353
349
387
387
387
362
358
358
358
355, 356
352
352
352
360
356
356
350
350
348
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Notation Definition Page
o(f,) O-distortion 354
O2(f,7) Os-distortion 354
Yy 9(vg) 385
Yy p(9(vy)) 385
[ 7] arclength of v 350
[ e C'—size of v 355
[ Y ]e2 C?—size of v 355
D 387
a~b a/b bounded above and below 358
admissible 355
ang 357
ang(v, w) 351, 385
bece map 361
cc map 362
cdist 358
di(v9,71) Cl—distance from vy to v, 355
d2(vg,71) C?—distance from vy to v, 356
drt(f, E) dilation ratio of f and F 348
ecc map 362
image admissible 355
mincurv(y) minimum curvature along ~y 357
ved(z,7) 356
veurv 357
wy(z,7) 357
€ size info remark on size of €g 384
C%—curve 352
cone field pair 352
critical point method 346
induced map method 347
triple sequence, T(zy, hy) 362
volume dilation ratios 346
volume ratio 346
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