Pre-image Entropy

Wen-Chiao Cheng and Sheldon Newhouse
January 17, 2005

Abstract

We define and study new invariants called pre-image entropies
which are similar to the standard notions of topological and measure-
theoretic entropies. These new invariants are only non-zero for non-
invertible maps, and they give a quantitative measurement of how
far a given map is from being invertible. We obtain analogs of many
known results for topological and measure-theoretic entropies. In par-
ticular, we obtain product rules, power rules, analogs of the Shannon-
Breiman-McMillan Theorem, and a variational principle.

1 Introduction.

The notions of entropy are fundamental to our current understanding of
dynamical systems. The two main notions are, of course, the topological
entropy and the measure-theoretic (or metric) entropy. The former measures
the maximal exponential growth rate of orbits for an arbitrary topological
dynamical system, and the latter measures the maximal loss of information of
the iteration of finite partitions in a measure preserving transformation. It is
well-known that these two invariants are related by the so-called Variational
Principle which gives that the topological entropy is the supremum of the
metric entropies for all invariant probability measures of a given topological
dynamical system. There are many useful properties shared by these two
invariants. Using the word “entropy” to denote either of these concepts, we
have:

1. entropy is an invariant in the appropriate category: topologically con-
jugate systems have the same topological entropy and measure theo-
retically conjugate systems have the same metric entropy,
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2. the entropy of a direct product is the sum of the entropies of the factors,
3. the entropy of f™ equals n times the entropy of f,

4. if g is a factor of f, then the entropy of ¢ is no larger than the entropy
of f,

5. entropy is preserved under the passage to natural extensions.

The last property above shows a weakness of both of these invariants.
Namely, they provide no information for non-invertible systems which cannot
be gleaned from their associated (invertible) natural extensions.

In several recent papers [7], [6], [4], [8], and [3] some new topological
invariants of dynamical systems have been defined and studied which only
give non-trivial information when the associated systems are non-invertible.
In a certain sense, these new invariants give a quantitative estimate of how
“non-invertible” a system is. For simplicity, if we have a numerical quantity
h(f) defined for dynamical systems which in preserved under topological
conjugacy and which is zero on invertible systems, we call the quantity a
non-invertible invariant.

Let us be more precise and recall some non-invertible invariants defined
by M. Hurley.

Let f : X — X be a continuous self-map of the compact metric space
(X,d). Let n > 0 be a positive integer. Define the d;,, metric in X by

— J J
dn(w,y) = max d(f'z, [y).

A set E is an (n,€)—separated set if, for any = # y in E, one has
den(z,y) > €

Given a subset K C X, we define the quantity r(n, ¢, K) to be the max-
imal cardinality of (n,€)—separated subsets of K. Uniform continuity of f7
for 0 < j < n guarantees that r(n, e, K) is finite for each n,e > 0. Following
Hurley [4], we define the quantities h,(f), hn(f) by

1
h,(f) = sup lim lim sup — log r(n, €, f"z),

xEX€_>O n—oo M

1
hm(f) = lim lim sup — log sup r(n, €, f"x).
€E—=0 pnooco N reX
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Of course, the topological entropy, A, (f) is given by

1
hiop(f) = %12% lim sup — logr(n, €, X).

n—oo T

It is evident that, in general, one has the inequalities

hp(f) < hn(f) < Paop(f)-

In [8], it is proved that for &« = p or & = m, and any positive integer k
we have

ha(f*) = kha(f), (1)
ha(f x g) < ha(f) + ha(g), (2)

and
the quantity ho/(f) is preserved under topological conjugacy . (3)

Notice that if f is invertible, then r(n,e, f~"z) = 1 for all z,n, € so that
hy(f) = hy(f) = 0. Thus, h, and h,, are non-invertible invariants.

It is not known if the inequality in (2) can be strict. In a recent paper of
D. Fiebig, U. Fiebig, and Z. Nitecki,[3], it is proved that h, = hy, = hy,, for
forward expansive maps (in particular for subshifts on finitely many symbols),
and examples are constructed in which h,(f) < h,,(f). It follows from work
of Langevin and Przytycki [6], and Nitecki and Przytycki [8] that h,, = Aty
for holomorphic endomorphisms of the Riemann Sphere and for continuous
endomorphisms of a real interval. Using the sub-additivity of the product
above (2), one sees that if T' = f x g with f an arbitrary endomorphism and g
an automorphism with positive topological entropy, then, h,, (1) < hyp(T).

We started this research by considering whether there is a variational
principle for h,(f) or h,,(f). This is still unknown. However, we discovered
that one can define a new non-invertible invariant hy,.(f) which is between
ho(f) and hee,(f) for which a variational principle does indeed hold. This
required a new kind of metric entropy to be defined which takes into account
the past behavior of f. The appropriate quantity is simply the metric entropy
of f conditioned on the infinite past o—algebra N, f~"B where B is the
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Borel o—algebra. We call this the metric pre-image entropy and denote it
by hpreu(f) where g is a Borel invariant probability measure for f. If one
maximizes this quantity over all invariant measures, it is clear that one gets
a topological invariant, but it was suprising to us that this can be defined in
terms of our quantity h,..(f). In addition to this variational principle, we will
show that the quantities hy,..(f) and hy. . (f) also satisfy power and product
rules analogous to the standard topological and metric entropy quantities,
that the map p — hpe,(f) is affine, and that there is an analog of the
Shannon-Breiman-McMillan for the metric pre-image entropy.

2 Statement of Results

Given f: X — X as above, ¢ > 0 and n € N, let us define

1
hpre(f) = hmhmsup—log sup r(n, e fF2). (4)

—0 nooco N TEX,k>n

It is clear the hp,(f) < hpre(f) < hiop(f), and that hy.(f) = 01if f is a
homeomorphism.
Our first results are the following.

Theorem 2.1 Let f : X — X and g : Y — Y be continuous self-maps of
the compact metric spaces X,Y , respectively.
Then,

1. The pre-image entropy h,..(f) is independent of the choice of metric
on X.

2. (Power Rule) For any positive integer T, we have hpre(f7) = 7+ hpre(f).
3. (Product Rule) hpe(f X g) = hpre(f) + Ppre(g).

4. (Topological Invariance) If f is topologically conjugate to g, then hy.(f) =
hpre(g)-

Remark. We have already mentioned that, for forward expansive maps,
Fiebig, Fiebig, and Nitecki showed that h,(f) = hn(f) = hwp(f). Hence,
also for these maps we have hy(f) = hip(f) and our pre-image entropy is
nothing new. On the other hand, analogous to the case of h,, above, our
product rule implies that if 7" = f x g where f is any endomorphism and
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g is an automorphism with hy,(g) > 0, then hye(T) = hpre(f) + hpre(g) =
Ppre(f) < huop(f) since hpe(g) = 0. But, higy(T) = hip(f) + hiop(g) >
hiop(f). Thus there are many natural examples of endomorphisms 7" with
hone(T) < huop(T).

Next, we consider the analogous notion of metric pre-image entropy. Let
(f, X, B, 1) denote a measure preserving transformation of the probability
space (X, B, u). That is, (X, B, ) is a measure space with u(X) = 1, and,
X = X; ] X, is a disjoint union of measurable sets in which X5 is a possibly
empty at most countable set of atoms and (Xi, B | Xy, p | Xi) is isomorphic
(mod 0) to a subinterval of the real closed unit interval with Lebesgue mea-
sure and the o—algebra of Lebesgue measurable sets. The map f: X — X
is such that f~'(E) € B for each E € B, and u(f~'(F)) = u(F) for each
E € B. Following standard terminology, we call (f, X, B,u) a measure-
preserving transformation. Set B~ = o [ "B. We call B~ the infinite
past c—algebra related to B.

As usual (e.g. see Petersen [9]), given a subset A € B, we set u(A | B™) =
E(xa | B7) where x4 denotes the characteristic function of A, and E(¢ | A)
denotes the conditional expectation of the function ¢ given the sub-o-algebra
A.

For finite partitions a, 8, we set a3 = {ANB : A € a,B € g}. If
0 < j < n, are positive integers, we let o = V;:;‘ o, and o® = ot

Define the information function Iz~ of « given the infinite past o —algebra
B~ to be

Ioys- = — ) log (A | B7)xa.

Aetx

Set

Hy(o | B7) = [ Tas-dj = = 3" log (A | B )u(A).

Ae

It is standard (see e.g. [9]) that the quantity H,(« | B™) is increasing
in the first variable and decreasing in the second variable. That is, if § is a
partition which refines o and A is a sub o—algebra of B~ then,

Hy(a | B7) < Hu(B | A).

Also, H,(f'a | f7'B~) = H,(a| B).
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It follows that the numbers a, = H,(a™ | B™) form a subadditive se-

quence. Indeed, for positive integers n, m, using f~"B~ = B~, we have
npm = H, (o™ [ B7)
= H,(a"\/[a™) | B7)
< Hy(a"|B7)+ Hu(f"a™ | B)
= Hu(a"[B7)+H,(f"a™ | f7"B7)
H,(a" | B) + Hy(a™ | BY)
= Qp + Q.

Consequently, there is a well-defined number h,(a | B™) given by

1 1
hy(a|B7) = lim —H,(a" | B") = inf —H,(a" | B").
n—oo n, n—oo 1,
We define the metric (or measure-theoretic) pre-image entropy of f with
respect to p and B to be

hpre,u(f) = Sup h#(a | B_)
(0%

It is easy to see that Ay ,(f) is an invariant of measure-theoretic conju-
gacy. That is, if (f, X,B,u) and (g,Y,B’,v) are measure preserving trans-
formations, and 7 : X — Y is a bimeasurable bijection (mod 0) such that
gr = mf, then hye,(f) = hpre,(g). This is the measure-theoretic analog of
statement 4 in Theorem 2.1. Next, we have the measure-theoretic analog of
statements 2 and 3.

Theorem 2.2 Let (f, X,B,u) and (g,Y,B',v) be measure preserving trans-
formations.
Then,

1. (Power Rule) For any positive integer T, we have
hpre,u(fT) =T Bpreu(f)-

2. (Product Rule) hyre uxi (f X 9) = Ppreu(f) + Ppren(9)-

Our next three results are analogs of well-known theorems concerning
metric entropy adapted to the setting of metric pre-image entropy.



January 17, 2005 7

Theorem 2.3 ( Affinity of metric pre-image entropy)Let (X, B) be a
measurable space, f: X — X be a measurable transformation, and let u and
v be two f-invariant probability measures so that both (X, B, u) and (X, B,v)
are Lebesque spaces together with the possible exception of countable sets of
atoms. Let q € [0, 1].

Then,

hPT€74#+(1—lI)V(O‘7 f) = th7“€7u<0‘a f) + (1 - q)hpre,l/(av f)v (5>
and
hpre,qu+(1—q)v<f) = thre,u(f) + (1 - q>hpT€7V<f)' (6>

Theorem 2.4 (Shannon-Breiman-McMillan Theorem for metric pre-image entropy)
Let (f, X, B, 1) be an ergodic measure preserving transformation of the prob-
ability space (X, B, 1), and let a be a finite measurable partition.

Then,

1 _
lim —Ignig- = hu(a | B7), (7)

n—0o0 N,

where the convergence is u—almost everywhere and in L*(p).

Remark. The previous theorem actually works if B~ is replaced by any
invariant sub-o—algebra A; ie. f71A = A.

Next, we present the main result of this paper: that the topological and
metric pre-image entropies are related by a variational principle.

We consider measure preserving transformations (f, X, B, 1) in which X
is a compact metric space, f : X — X is continuous, and B is the c—algebra
of Borel subsets of X. As usual in this case we call ;4 an f—invariant Borel
probability measure.

Theorem 2.5 (Variational Principle for pre-image entropy)
Let f : X — X be a continuous self-map of the compact metric space X, and
let M(f) denote the set of f—invariant Borel probability measures. Then,

hpre(f) = sup  Apreu(f)- (8)
HEM(S)

Remarks.
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3

1. Another type of pre-image topological entropy could be defined as

1
R, .(f) = limlimsup —log sup 7(n, e, f"z).

pre €=0 n—ooo M TEX k>1
It is clear that hy..(f) < h,..(f), but it is not obvious whether one
might have strict inequality. It turns out that one can follow through
the proofs of Theorem 2.5 with this new quantity and show that it also
equals sup,, fpre ,(f). Hence, it makes no difference whether one uses
k >mnor k> 1 in the definition of hy..(f).

. It is obvious from the Variational Princlple that one can compute

hyre(f) by restricting to any set which contains the supports of the
f—invariant probability measures. We do not know if this is true for
the quantities h,(f), hy,(f) of Hurley.

. It will be clear to experts that many of our methods of proof here are ob-

tained by making appropriate modifications of many known techniques
in ergodic theory and topological dynamics. However, the proof of the
part of the variational principle which asserts that the pre-image en-
tropy is no larger than the supremum of the metric pre-image entropies
of invariant meaures is considerably more delicate than the standard
result for topological entropy.

Proof of Theorem 2.1

Before proceding to the proof, we recall some concepts from entropy theory.

Let f,(X,d),dy, be as above.
Let € > 0 and n > 0. A subset FF C X is an (n,e, f)—separated if

whenever x,y € F and x # y, we have d;,(z,y) > €. Given asubset K C X,
we let r(n, €, K, f) denote the maximal cardinality of an (n, €, f)—separated
subset of K. A subset E C K is an (n,¢, K, f)-spanning set if, for every
x € K, there is a y € E such that dy,(z,y) < e. Let s(n,¢, K, f) be the
minimal cardinality of any (n,e€, K, f)-spanning set. It is standard that for
any subset K C X,

s(n.e, K. f) S v(n.e, K. f) < s(n, 5, K, ). (9)
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Next, using techniques as in Bowen [1], we have the following.
If nq,no, £ are positive integers such that ¢ > nq, then

T<n1+n27€7f_eK7f) < S(nhE?f_ZKaf) S(n27E7f_£+an7f)

2 2
<l fK ) rlng, 5 M ). (10)

Also, observe that if m > 0, n > 0, F is an (n, €, f)—separated subset of
fF+tmy and F C f~™ "z is such that f™ maps F bijectively onto E, then,
Fis an (m + n, e, f)—separated subset of f~*z. Hence,

r(n, e, f 5z, f) <r(m4+n,e f 7z, f). (11)

It will be convenient to use the notation

1
hpre(f, E) = lim sup — log sup T(’I’L, €, f_kl’, f)

n—oo M k>n,xeX

so that
hpre(f) = lim hpre(f7 6) = sup hfpre(f? 6)'
€—0 €>0
When the metric d needs to be explicitly mentioned, we write

hpre(.ﬂ d)? hpre(f, €, d)? T(”? €, fﬁkxv f7 d>7

etc.

Let us prove that h,..(f) is independent of the metric on X.

Let dy,dy be two metrics on X. Then, by compactness of X, for every
€ > 0 there is a § > 0 such that, for all z,y € X, if dy(z,y) < §, then
do(x,y) < e. It follows that r(n,e, f~*x, f,dy) < r(n,d, f~*x, f,dy) for all
n, €, k,x. This gives that hy..(f,€,d2) < hpe(f,0,d1). Letting 6 — 0 gives
hpre(fr€,da) < hpre(f,dr). Now, letting € — 0 gives hyre(f, d2) < hpe(f, dy).
Interchanging d; and dy then gives the opposite inequality, proving that
hpre(fa dl) = hpre(f7 d2)

Now, let us proceed to prove the Power Rule. Write g = f7.

Assertion 1: For any € > 0 we have hye(g,€) < 7 - hye(f,€).

Let k> nand z € X.

It is clear that
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r(n,e.g7"w,g) <r(tn.e, [, f).

Hence, we have

1
hpre(g,€) = limsup—log sup r(n,e,g "z, g)

n—oo T k>n,xeX

. 1
< limsup —log sup r(rn,e, f~ "z, f)
n—oo T k>n,xeX

. T _
= limsup —log sup r(rn,e, f7 "z, f)
n—oo NT Tk>Tn,xeX

. T _
< limsup —log sup r(rn, e f "z, f)
n—oo MNT k>Tn,xeX

. 1
= rlimsup —log sup r(rn,e fFx, f)
n—oo NT k>Tn,xzeX

1
rlimsup —log sup r(n,e, f "z, f)

n—oo T k>n,x€X

= T hye(f,€).

proving Assertion 1.
Assertion 2: Given ¢ > 0, let § > 0 be such that if d(z,y) < ¢, then
d(fiz, fly) < £ for j € [0,7). Then,

IN

hp?“e(g7 6) > T hPTe(fv 6)'

Proof.
Let n > 0,k > n. From the definition of §, we have that if ¢, s are positive
integers such that ¢ > 7s, then

r(7s, i,f_éx,f) <r(s, 6, f "z, g). (12)

Write k = tng+405 with 0 < ly < 7andn—4¥y = tny+4; with 0 < ¢; < 7.
Let C(j) denote a constant depending on the positive integer j.
From (9), (10), (11), and (12), we have

r(n7€7f_kx7f) < S(n_627%7f_kx7f)8(€27gvf_k+n_ezx7f)
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< 0(52)3(”—62,571071637,]0)

= O(t)s(rni+ 0,5, f ™, f)

< Cll)s(rnr, 3, S ™ e Psth, 3 f T f)
< CU)O()r(rm, 7. f ™. f)

= C(L)C(0)r(ny, i,f‘”?“?x,f)

= C(L)C(0)r(rny, i FrTA AT~ gy

< Cl)C(y)r(ng, 8, f-T2tD(fTtyg) g)

= C(L)C(6) r(ny, 6,9~ (T 22), g).

Note that 7(ng + 1) >k >n=1n; + 0, + o > Tny, so ng + 1 > ny.
As n — o0, so does ni. Hence, using that Llog(C(l)C(¢1)) — 0 as
n — 00, we get

1
hpre(fo€) = limsupﬁlog sup r(n, e, fx, f)

n—00 E>n,ceX

1
S lim sup — IOg sup C(EQ)C(EI)T(nlaéag_kxag)

n—oo N k>n1,ceX
1
= limsup——— 1o su 7’71,5, 7k$,
n_>oop7'n1+€1+f2 ngnl,IxJGX (n1,9.9 9)
1 1
= ~limsup —log sup 7(ni,d,9 "z,9)
T ni—oo MNq k>ni,xe€X
1
== *h re 76 .
—hy (9,9)

Letting € — 0 in Assertion 1, we get hyre(g) < 7 - hpre(f). Also, letting
d — 0 and then taking e — 0 in Assertion 2, we get hyn(g) > 7 - hpre(f),
completing the proof of the Power Rule in Theorem 2.1.

Next, we go to the Product Rule.

Let (X, dy),(Y,dsy) be compact metric spaces with continuous maps f :
X=X, g:Y =Y. Give X XY the metric

d((xh yl)v (IQ, y2)) = max(dl(x17 1:2)7 d2(y17 y2))
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We have two things to prove:

hpre(f X g) S hpre(f) + hpre(g)v (13>

and

hpre(f % 9) 2 hpre(f) + pre(9)- (14)

Given (z,y) € X xY, n > 0,k > n, let E C (f x g) %(x,y) be a
maximal (n, €, f X g)—separated set. Let F; be a miminal (n, g, ) spanning
set in f~*x, and let E, be a minimal (n, g, g) spanning set in g~*y. For each
(u,v) € E, there is a pair (z1(u),y1(v)) € E; X Ey such that

€

dl(fj%fjﬂ?l(u)) < 5

and do(f7v, fly1(v)) <

DN

for 0 < j < n. If (ug,v1), (ug,v2) are in £ and are such that z(u;) =
z1(ug) and yi(v1) = y1(ve), then di(fuy, fluz) < € and dy(g7v1, g’v2) < €
for all 0 < j < n. It follows that (u;,v;) and (ug,vs) remain € close for all
interates (f x g)7 with 0 < j < n. Since E was (n, ¢, f X g)—separated, we
have (uq,v1) = (ug,v2). Thus, the map (u,v) — (z1(u),y1(v)) is injective.
This implies that

r(ne (% 9) M(@,y), £ x 9) S v, 5 5@, ) - r(n, 5,974 ). 9)
Let

an(€) = sup{r(n,e, (f x g) ™ (x,y), f x g) : (x,y) € X x Y, k >n},

bule) = sup{r(n, e, f (), f) : v € X, k = n},
and

cu(e) = sup{r(n,e, g™ (y),9) 1y € Y, k > n}.
Then, we have

au(6) < bu(3) - eal3) (15)

S0,
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1
hpre(€, f X g) = limsup —log a,(e)
n

n—oo

1 1
< limsup — log bn(g) + limsup — log Cn(%)

n—oo 1 n—oo T
€ €
hp?"e(§7 f) + hpre(§> g)

Letting € — 0 implies (13).

For the converse statement, it is tempting to try the following.

Let n > 0,k > n,e > 0. If E} is a maximal (n, €, f)-separated set in f~*ux,
and E, is a maximal (n, €, g)-separated set in g~*y, then E; x E, is clearly
an (n, €, f X g)—separated set in (f x g)~*(x,y).

This gives
r(n,e, f75@), f)-r(ne, g7 (y), 9) < r(n,e, (f x 9) "(z,y), f x g),
and
bu(e) - enle) < n(6)
If

1 1 1
lim — log a,(¢),lim — log b, (¢), and lim — log ¢, (€)
n n n

all existed, then this would give that hyc(€, )+ hpre(€, ) < hpre(€, f X g),
and (14) would follow. In general, these limits do not exist, and this argument
breaks down.

Instead, we bring the Variational Principle and the product rule for metric
pre-image entropy to the rescue. Let € > 0, and let p, v be invariant measures
so that

hpreu(f) > hpre(f) = €, and hpre,(9) > hyre(g) — €.

Then, we have

v

hpre(f X% g) hprexw (f X 9)
Ppren(F) + Ppren(g)

Z hpre(f) — €+ hpre(g) — €.
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Since € is arbitrary, (14) follows.

Finally, we prove the topological invariance statement.

Let ¢ : X — Y be a topological conjugacy from f to g. That is, ¢ is a
homeomorphism and g¢ = ¢f.

Let d; be the metric on X and ds be the metric on Y. It is obvious that
the induced metric ¢,d; on Y defined by

¢ di(yr,y2) = di(¢” y1, ¢ 'ya)

gives the same pre-image entropy to g as hy,..(f). Since, the pre-image
entropy is independent of the choice of metric on Y, we have hy.c(f) = hpre(9)
as required.

This completes the proof of Theorem 2.1

4 Proofs of Theorems 2.2 and 2.3

Here and in the sequel we will assume without further mention that all sets
considered are appropriately measurable.

The Power Rule:

Let g = f7 with 7 > 0, and consider the two o—algebras B~ =, f"(B), By =
Ny "B =N, f"(B).

It is obvious that B~ C B since the latter is an intersection of fewer
sets. On the other hand, if ¢ > k, then f=4(B) C f~%(B). So, for each n > 0
we have By C f~"7(B) C f~™(B). Hence, By C f~™(B) for all n > 0. This

gives
B~ =B;. (16)
Let a be a finite partition, and let 3 = \/_;! f~'a.. Then,
n—1 ) nT—1 )
Vg'B)=\V ()
i=0 i=0

So,

nT—1

ho(a| B~ f) = lim —H,(\ fa|B)
1=0

n—oo nT
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S S o
= lim —HM(\/g g|B7)
=0

n—oo nT

1 ) 1 n—1 » B
= —hm—#(\/g B By)
=0

T n—ooq

1
= (8] B9)

1

—Rpre .
St ,u(g)

IN

Taking the supremum over all « then gives

1

hpfre,;L(f) < Thpre,u(g)'

On the other hand, returning to h,(o | B~, f) = £h,(3 | By ,g) and
using (8 | By, g) = hu(a | By, g), we get

1
hule | B.1) > ~hyler] B g).

This time taking the supremum over all o gives

SN

hpre,u(f) > hpre,,u (g)

Product Rule:
Given a collection 7 of sets, let B(y) denote the c—algebra generated by
.
Observe that if v;, 7, ... is an increasing sequence of finite partitions of
X such that B(U~,;) = B (i.e, the sequence ~; generates B), then for any
finite partition «, we have
Hy(o| B7) = lim lim H,(a | f77,).
J—00 i—00
Let Bx denote the o—algebra on X and By denote that on Y. For
U= X,Y, let Ay denote the collection of finite partitions of By. Let v, <
vy < ... and d; < Jy < ... be increasing sequences of finite partitions such
that v, € Ax, U;7; generates By, d; € Ay, and |J; d; generates By. Then,
for any partitions a € Ax, 3 € Ay we have
Hy(er| By) = lim lim Hy(a | [7(,))

j—00 1—
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H,(8|By) = lim lim H,(a | g77(5)),

J—00 1—00

and

Hooa x 8| Byy) = lim lim Hue(ax 81 1 7(3) < g7(6))

—00 1—00

Here, of course, we define a x f={Ax B: A€ «a,B € [}.
Recall the standard formula

m(O‘ | B) = \/6 (17)

for a measure pq and finite partltlons a, (.
Let us use this formula with the notation that A, B,C, D run through
a, 3,7, 0, respectively, to get

Huwlax By x8) = — 3 p(ANCW(BND)log(u(ANC)(B( D))

A,B,C,D

3 WD) ox(u(C)(D)

_ —Azcﬂimcnogw(mc» S B(1D) s
’+Z/~L(C)10gu +Z (D)logv(D)

= Hyla |+ L3 18)

Putting the above formulas together gives that for any finite partitions «
of X, fof Y, we have

Hypew( X B | Bxyy) = Hu(a | Bx) + H, (6 | By).

This implies that, for any positive integer n, we have

n—1 n—1 n—1
Hyeo (\/ (f % 9) (a x 0) | Byuy) = Hu(V fPax \/ g7 | Bx.y)
k=0 k=0 k=0

n—1

v(B(D))

n—1
= H,(\ f*a|Bx)+H,(\ ¢8| By).
k=0

k=0
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Multiplying both sides by % and taking the limit as n — oo gives

hpre,uXV(Q X ﬁa f X g) = hpre,,u(a7 f) + hpre,u(ﬁ7 g)

for any o € Ax, B € By. Since hppe ux(f X g) can be computed as the
supremum over product partitions « x (3, this proves the Product Rule in
Theorem 2.2.

Proof of Theorem 2.3:

It clearly suffices to prove formula (5).

Let m = qu+ (1 — q)v.

Recall from page 61 of [2] that, for any finite partition «, we have

0< Hpy(a)—qH,(a) — (1 —q)H,(a) <log 2. (18)

Let 7, <, < ... be an increasing sequence of finite partitions such that
U; 7; generates the o—algebra B.
Then, for any positive integer n and p = m, v, i, we have

H,(a™ | B7) = lim lim H,(a" | f7,).

J—00 1—00

By (18), we get

0< Hp(a"\ f777) — qHu (" [777) — (1 = @) Hu(a™ \] f 77, <10g(2)
19
and

0> — [Hu(f7,) = aHu(f77) = (L= @) H(f77;)] = —log2.  (20)

The second term of (20) is non-positive, so adding it to the second term
of (19) does not increase the latter’s value, so

Hp (o™ | f777,) —qHu (" | fy) — (L—q)H,(a" | f77,;) <log2.

Similarly, adding the second term of (19) to that of (20) does not decrease
the latter’s value, so

—log2 < Hp, (" | f77;) — qHu(a™ | f777;) — (L= q)H, (o™ | f77,).
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Putting these two inequalities together gives
—log2 < Hy(a" | ) = qHu(a™ | f77) = (L= q)Hy(a™ | f77;) < log2.
Letting ¢« — oo and then 7 — oo gives
—log2 < Hy, (" |B™) —qH,(a" | B7)— (1 —¢q)H,(a" | B7) <log2.
Now, dividing by n and letting n — oo gives that
hm(o| B7) = ghy(a | B7) + (1 = ¢)h, (o | B7)

as required.

5 Proof of Theorem 2.4

The proof of Theorem 2.4 is a more or less straightforward adaptation of
the proof of the standard Shannon-Breiman-McMillan Theorem in [9]. We
sketch the ideas.
For a finite partition «, let B(«) denote the o—algebra generated by «.
For notational convenience, denote In 4 also by I(« | A) for a partition

a and sub — o—algebra A.
Let f, = I(a| B(a})VB~) forn >0, and fy = I(a| B7).
First observe that

Iag | B™) = I(a} | B~ )+Ia|B UB

Integrating both sides, and using f*—invariance of u gives

Ho3 |5 =% [ fuad" =% [ fux =3 [ 5

This gives the formula
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Hy(ol | B7) = Hy(a| B) + Z Hyo| B@HUB).  (22)

Since the sequence H,(a | B(a})UB™) converges non-increasingly to
some number hg, the associated Cesaro sequence

L3 Hyla | BahUB)

also converges to hy as n — oo. But, multiplying both sides of (22) by

n—H and taking the limit, we then get

1 W .
ho = lim ——H,(af | BY) = hy(a | B).

n—>00n+

Now, the proof of the Shannon-Breiman-McMillan theorem in [9] gives
that the sequence {I(a | o¥), k > 1} is an L'—bounded martingale. Since

[ 1@ B UB )i = Hyla| Bleh)UB)
H,(or| B(ak)
= [1(a| Baf)dp

we have that {I(a | B(a¥)UB™),k > 1} is also an L' bounded martin-
gale.

Hence the last sequence converges almost everywhere and in L' to some
integrable function h. Its Cesaro sums must also converge in both senses to
h as well. Note, also, that [ hdu = hy.

Again, following the method in [9], we have

IN

I(an | B-
JE&% = JE’E}O”+ an oft
1

Since f, — h, the first term in the last equality approaches 0, and,
ergodicity of the p gives that the second term approaches [ hdu = hyg.
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Hence,
I(a" | B~ I(af | B~
lim I(e™ | B7) — lim I(ag | B7) — ho,
n—0o0 n n—00 n+1

completing the proof of Theorem 2.4.

6 Proof of Theorem 2.5

We adapt the well-known arguments of Misiurewicz (as in pages 269-271 of
[9]) to pre-image entropy.

Step 1. hpreu(f) < hyre(f) for all g e M(f):

Let p € M(f). If By, Es, ..., E, is a finite disjoint collection of compact
subsets of X, we call the partition

O{Z{El,EQ,...,ES,X\ UE'L}
i=1

a compact partition. It is easy to verify that hp.,(f) is the supremum
of hpre (v, f) where a varies over the compact partitions.

Thus, using a standard technique, it suffices to prove that, for any com-
pact partition «,

hpre7u(a7 f) S h’pre(f) + ]'Og2' (23>
Indeed, once this is done, it follows that
hpre,u(f) S hpre(f) + 10g2

for every f. Applying this to f% for large N, gives

thre,u(f) = hpTe,u(fN) < hpre(fN) + log 2

or,

1
hpre,u(f) S hpre(f) + O]%/,Q

Letting N — oo then, gives hyre () < hpre(f).
For (23), it suffices to show that there is an € > 0 such that for any n > 0
and any k£ > 0, we have
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H,(a"| f7"B) <n log2 +log supr(n,e, f*z). (24)
zeX

Let € be such that any 4e—ball meets at most two elements of a.

Let 8, < B, < ... be a non-decreasing sequence of finite partitions with
diameters tending to zero. Thus,

B = \/ Bja
j=1
and,
Ha(a™ | £B) = Jim Hy(a” | 1740))
So, it suffices to show that, for sufficiently large j, we have

Hy(a" | f7%3;) <n log2 + log sugr(n,e, fFx). (25)
xe

Let ¢ = €1(n,e) > 0 be small enough so that if d(z,y) < €, then
d(fiz, fly) < e for 0 <i < n.

The collection {f~*z : x € f¥X} is an uppersemicontinuous decomposi-
tion of X. Hence, for each x € f*X there is an ey(x, k, €;) > 0 such that if
d(y,z) < ex(z,k,e1),y € f*X, and y; € f*y, then there is an z; € f~*z
such that d(y;,z1) < €;. Let U be the collection of open es(z, k, €1) balls in
f*X as x varies in f*X, and let 5 be a Lebesgue number for U.

Since diam(3;) — 0 as j — oo, we may choose jy large enough so that if
J = jo and B is an element of 3;, then diam(B) < €.

Assume j > jo.

For aset C € f7%3 ;» let pe denote the conditional measure of y restricted
to C. Let a denote the set {ANC : A€ a”, ANC # 0}.

We have

Hy(a" | f7"8;) = > Huelag)u(C)
cef+f3,

< max Hy(ag)
cef+p,

< max log card ag
cef+f3,
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Fix a B € 3; so that €' = /"B is non-empty. For each A € o}, let x4
be an element of A.

Since ffra € B and diam(B) < e, there is a ug € f¥X such that if
y € BN f*X, then d(up,y) < ex(up, k, €1). In particular,

d(kaA7 UB) < 62(“37 k7 61)'

Hence, there is a point ¢,(A) € f*up such that d(x4, ¢,(A)) < €1, s0

d(f'za, f'd1(A)) <e

for 0 <i < n.

Let E¢ be a maximal (n, €)-separated set in f*up.

Since E¢ spans f*up, there is a point ¢,(A) € E¢ such that, for 0 <
1< n,

d(f'¢1(A), ['¢5(A)) <€,

and, hence,

d(f'za, ['02(A)) < 2e,

We have defined a map ¢, from ag into E¢. Hence,

card(ag) < card E¢ - (maxyeEcng_l(y)).

To prove (25), we will show

card(¢y " (y)) < 2" (26)

for each y € E¢. .
Let A, A be such that ¢y(x4) = ¢y(A).
Then, for 0 <1 < n, we have

d(fixA,fia:A) < 4e.

It follows that fiz 4 is in the 4e ball about f’z ;. Since each 4¢ ball meets
at most two elements of «, it follows that there are at most 2" choices for
A, A. This proves (25) and finishes the proof of Step 1.

Step 2.
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hpre(f) S Sup hpre,u(f)' (27)
REM(S)

Given € > 0, we wish to produce an f—invariant probability measure p
such that

hpre,u > hp?“e(fa 6)' (28>

Again we want to follow the idea of the Misiurewicz proof of the standard
variational principle (as in [9], pages 269-271), but we must make important
modifications. Although it is not strictly necessary, the reader will find it
helpful in what follows to be familiar with the proof in the aforementioned
reference. We will motivate our construction by making frequent reference to
that proof. When it is convenient to refer to the arguments in [9], we simply
call them the SVP arguments.

Choose sequences n; — oo, k; > n;, x; € X, such that

1
hp're(f: 6) = lim — logT(ni, €, f_kixia f)

1—00 n;

Let E; denote a maximal (n;, €)—separated set in f~*iz; such that card E; =
r(ni, e, f%x;, f). Thus, we have

1
hpre(f,€) = lim — log card E;. (29)

1—00 N;

Letting 0, denote the point mass at point x € X, let

Ly,

card E; ‘=
1

Hi =

let
1 n;—1

Vi = — Z fi:uza

n; =0
and, let

v = lim y;

1—00

where we have passed to subsequences assuring that the last limit of
measures exists.
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Let « be a finite v—continuity partition such that diam(«) < e. That is,
for each A € «, u(0A) = 0, and diam(A) < e.

Motivated by the SVP arguments in [9], we wish to show that, for every
positive integer m,

H,(a™ | B™) > mhy(f,€). (30)
Indeed, from this, we have
. JH(a™| B~
hp?'&l/(f) > hpre(a, f)= 1%f (m|> > hpre(fa €),

as required.
If we were in the SVP case and not conditioning on B~, the result that
H,(a™) > mh(f,e) follows from the following two facts:

H,(a™) = lim H, (™), (31)
and
m 1 = m 1 = -0 _m
H,(a™)>— > Hp, (&™) =—> H,(fa™). (32)
Ni = ni =

Statement (31) follows from the fact that the map p — p(A) is continuous
at v, and statement (32) follows from the concavity of the function t —
—tlogt arising in the entropy formula

H,(a™) = Y —vi(A)logr;(A). (33)
Aeam

We need to establish the analogs of (31) and (32) after conditioning on
B~. To do this we will make use of the Rokhlin theory of measurable parti-
tions (see [5] for definitions and basic facts about this theory). This theory
concerns itself with complete measure spaces, so we will actually deal with a

slightly larger c—algebra B, in which v is complete.
Let C denote the subcollection of B~ consisting of v—null sets. That is,
E € Cif and only if E € B~ and v(E) = 0. Since the countable union of
elements in C is again in C, it follows that for any o—algebra A of subsets
of X, there is an enlarged o—algebra Ac defined by A € A¢ if and only if
there are sets B, M, N such that A= BUM, Be A, Ne€(C,and M C N.
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The o—algebra B is simply the standard v— completion of B~. We will
also consider the o—algebras B¥ = (f7*B)¢ for k > 1.
Since f1(C) C C, we have that
B'>2B*D
Letting B> = N>, B*, it is easy to check that
B~ C B, C B%,
and
f~'B* c B v > 1.
Note that the o—algebras B*, B> are not necessarily v—complete.

Lemma 6.1 Under the above notation, we have

H,(a™ | B7) > limsup H,, (™ | BX), (34)
and
|
H, (" | BY) 2772 (a™ | B%). (35)

Remark. In the course of the proof of the lemma, we will see that
while the proof of estimate (34) is rather straightforward, that of (35) is
considerably more complicated. It is not true that
1 " —1
Z e (g A (36)

-1
H, (g | A) > o

for all average measures v; and all invariant sub c—algebras A. Indeed,
statement (35) holds because the measure v; is closely related to the mea-
surable partition {f %z, z € X}.

Proof of (30) assuming Lemma (6.1):

Since B~ C B>, we have that

Hy(a™ | B™) = H,(a™ | B®). (37)
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Further, since B* is the decreasing limit of the subalgebras B, we clearly
have

H,(a™ | BX) = H,(a™ | BY),

for all i.

Also, since p; is supported on f~*iz;, the canonical system of conditional
measures induced by j; on the measurable partition {f %z, x € X} reduces
to a single measure on the set f*z; which we may identify with pu,.

Now, each element A € B* can be expressed as the disjoint union A =

BUC with
Be fMB={f"rzxecX}

and C € C. Since y; is supported on elements of f=% B, we have p;(C) =
0. Hence, for any finite partition v, we have

Hy, (v BY) = Hy(y | [75).
Since each element of a™ | f~%x; has at most one point, we have

H, (a™ | f ;) =logcard E;.
In the sequel, for non-negative integers a < b, let us denote by [a, b) the

set of integers 7 such that a < j < b.
For 0 < j <m, let
C(i,j) =4{n € [0,n;) : n = j mod(m)},
and, let
p(i) = max C(, ).

We use the standard notations
Jj=t

t —7 s _ s—1

o =\ o, o =af .
Jj=s

Since we can express [0,n;) as the disjoint union



January 17, 2005

[0,

n;) = |_|Czy

0<j<m

and, for each fixed 0 < j < m, we can write

aht=al v ( \/ ft )
teC(,5)

we get

logeard E; = Hp,(«

IA

Thus,

Vo fa™| f ;) > log card E; — 2m log card a.

teC(i,g)

Using (35) we have

H,(a™ | BY)

+ H, (o

AVARAYS

Y

Y v

v

n;—1
V « (i)

ny—p\t

( n;—1 | f—klxz)

Hy (o | o)+ Hy () fa™ |
teClij)
oy | F 7).

H,,(a™ | B*)
Haismi

1 n;—1

— > Hyp, (

i —o

ey (@ ] BY)

o | B¥)

1n171
7ZHzféam|f EBk:>
"ZO

17’11—1
n*ZHZfZOémMBk)

ZEO

2. 2 H

n; 0<j<m £eC(ij)

M ing H,( '\ ftam|B")

0<g
i OSISM 0 pec(ing)

f Eam|Bk)

27

(38)

(40)
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= ot H,( '\ ™| f )
M 0SI<m e i)

> — [log card E; —2m logcard a] .

)

From these inequalities, we get that

limsup H,, (o™ | B*) > limsup — [log card E; — 2m log card af

i—00 i—oo T

= lim — [log card E; —2m log card o]
i—00 1,

= mhye(f,€).

This and (34) proves (30).

Proof of Lemma 6.1:

The triple (X, B;, v) is a Lebesgue space together with a (possibly empty)
at most countable set of atoms. Hence, we can find an increasing sequence
B, < By < ... of finite partitions consisting of elements of B, such that

BE = \/ 5]'
j=1

and each f3; is a v—continuity partition.
Then,

H, (o™ | Be) = inf H(a™ | 5,). (11)

Also, since o and all of the 53-3 are v—continuity partitions, we have
H (o™ \/ 8) = lim H,,(a™\/3,)

and

H,(0;) = lim H,,(3;).

17— 00

This and the standard formulas

Hy(a™ | 5;) a™\/ B;) -

and
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Hvi(am | 63) = HVi(am\/ﬂj) - HVz(ﬁ])
give
H,(a™ | B)) = lim H,,(a™ | 8. (12)
Now, letting €; > 0 and using (41), we can pick j such that
H,(a™ | B;) > H,(a™ | B;) — e1.

Then, using (42), we have

H(am | B7) > Ha"|5) -
= lim H,,(a™ | 3;) — &
> limsup H,,(a™ | By) — €.
> limsup H,,(a™ | B*) — €.

1—00

Since H,(a™ | B~) > H,(a™ | B;) and €; was arbitrary, we get (34).
Next, we proceed to the proof of (35).
The measure v; is supported on the set

n;—1

X=U fH(f=),
=0

Case 1: For every pair of integers 0 <r < s < k;, fTx; # f°x;.

In this case, let & = {f~%(f‘x;), 0 < ¢ < n;}. This is a finite partition
of X, and each of the measures f‘u; is supported on the element f~%i(f‘z;)
of the partition &. Moreover, f‘u; coincides with the conditional measure
v; o of v; on the element C' = f~%(fz;) € €. Note that v;(C) = ni for each
Cec¢. '

We have
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Hy (o™ | BY) = H,(a™]¢)
= 2 Hy (o™ | C)u(C)
Ceg
1 ni—l

= — > Hyg (™ | f7H(f )

Ni o
1 n;—1

- Z Hffui(am | Bki)

i =

So, in case 1, we actually have equality in (35).

Case 2. There are integers 0 < s < t < n; such that fsx; = flx;.

In this case, let 71 be the least positive integer such that thereisat > 7,
such that flz; = fT'x;, and let 7 be the least integer such that 7 > 7, and
FTig, = fT4T g,

Then, {f~%(f‘x;) : 0 < ¢ < n;} is the disjoint union

L] ).

0<l<T14+T

This time, let £ be the partition
E={C=fPi(flr):0<l <7 +7}

and, again, let v; ¢ denote the conditional measure of v; on C.

For each 79 < ¢ < 71 + 7, let D(¢) be the set of integers in [T, n;) which
are congruent to ¢ mod 7, and let d(¢) = card D({). .

Then, for 0 < ¢ < 7y, ffu; is supported on the single element f=%i(f‘x;)
of B* which gives

Hyoy, (™ | F7(f ) = Hypo, (™ | B9). (43)

In addition, we have

Vi f=ki(flay) = ff#z‘ (44)

and
1

vi(f 7R (ffw)) = —. (45)

n;
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On the other hand, for 7y < ¢ <71+ 7, and s € D(¥), fZu; is supported
on the single element f~*(fx;) of B* which gives

Hpzpi (0 | f7H(f i) = Hpzpii (@™ | BY). (46)

In addition, we have

Vi7f*ki(f4xi) Z fsliz (47>
sED
and
14
() = 29, (48)

From concavity of s — —slogs, we get, for 71 < ¢ < 71+ 7T,

(@ 1 F5 ) 2 gy X Hpple | S5 ). (49)

Vi ki (flay)

Applying the above statements gives

H (™ |BY) = H,(a"|¢)
Z HVi,C (O-/m | C)VZ(O)
ceg
- Z Hyi,f*ki(ff;ci)(am | fﬁkl(fgxl))yl(fikl(fgxz))
0<4<T1
> H, FRi () (@™ [ f75(f ) s (f 7 (f )
T1<0<T1+T ’ v
> — 3 Hpg (™ SR )
1 0<U<T
1

t— XX Hpp (@™ | fR(f )

Wi 7, <0<T\+T seD(0)

n; 0<6<T1

1
+t— > > Hp(e™|BY)

T T, <0<T1+T s€D(0)
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1 n;—1 N
= > Hp(a™ | BY)
v ¢=0

completing the proofs of (35), Lemma 6.1, and Theorem 2.5.
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